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PREFACE. 



This Treatise on Descriptive Geometry has been prepareij 
for the use of (he Cadets of the Military Academy, in sub 
niitting it to the public, the author prefers no claim to inven- 
tion oi- discovery. It has been his object to furnish a useful 
text book ; and if this end be attained, he will have no cause to 
regret his labours. 

The study of the Mathematics, whether considered as in- 
troductory to its sister science. Mechanical Philosophy, or as 
a salutary and invigorating exercise of the mind, is equally 
worthy of attention. The useful and important results to 
which it leads, the mutual dependence of its parts, and the 
concise and satisfactory reasoning in the development of its 
principles, recommend this study, as well to the practical man, 
who learns only what he can successfully apply, as to the lover 
of science, who explores all its departments in search of new 
facts and interesting truths. 

The subject of Descriptive Geometry, which is treated of 
ill these Elements, has not, as yet, been considered in this 
country as a necessary part either of a polite or practical 
education. It has been taught in the Military Academy since 
1817, but has not found its way into other Seminaries with a 
rapidity at all proportionate to its usefulness. The progress of 
science, like that of truth, is always slow ; yet it compensates for 
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V PHBPACE. 

its want of velocity in the steadiness of its advancement and 
the certainty of its success. In France, Descriptive Geometry 
is an important element of a scientific education ; it is tauglii 
in most of the public sciiools, and is considered indispensable 
to th%-i4rchitect and Engineer. Its intimate connexion with 
Civil Engineering and Architecture, and the facilities which it 
affords in all graphic operations, render its acquisition desirable 
to those who devote tiiemselves to these pursuits. 

The author is by no means indifferent to the reception which 
this work may meet with from the public ; yet, he will not com- 
plain of a rigid criticism, if it shall appear that he has been 
instrumcntEtl in diffusing a knowled^ of an interesting and 
useful branch of s( 
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BLEMENTS 



DESCRIPTIVE GEOMETRY. 



FIRST PRINCIPLES. 



^ 1. The object of Descriptive Geometry is twofold: first, 
to represent with accuraci/ all geometrical magnitudes on planes; 
and secondly, to construct all graphic problems involving three 
dimensions. 

§ 2. The representation of a geometrical majfnitude on a 
plane is called its projection, and the plane on whicb the repre- 
sentation is made is named the plane of prcjection. 

§ 3. In Descriptive Geometry two planes of projection are 
used, and to simplify the constructions, they are taken at right 
angles to each otlier. 

§ 4. If one plane be taken horizontal, the other will be ver 
tical, and this position of the planes enables us to conceive 
most readily how objects are situated in space when their 
projections are known* 

§ 5. The planes are called, respectively, ifie limiiamtal plane 
of projection, and the vertical plane of projection. Their line 
of intersection, which is horizontal, is called the ground line, 
or common intersection ; and each plane is supposed to extend 
indefinitely in the direction of, and Irom this line of intersection, 

* Space is indefinite extension, in which all bodies are eituateil. The aiso- 
hte position of bodies c3.iinot be determined, but tlieir relaihe poeltions may be, 
either by referring them to each other, or (o objects whose places ara assumed 
InDesoriptiye Geometry all bodies are referred (o the planes of irojeetlon. 
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10 DESCniPTI\'E GEOMETRY. 

^ e, PI. 1. Fig. 1. When,t!ierefore,aIiEe,a3AB,is assumed 
for the common intersection of the planes of projection, it is the 
intention simply to point out ihe line, and not to limit its ex- 
tension. 

§ 7. Let AB be the ground line, and the plane of the paper 
the horizontal plane of projection. The vertical plane passes 
through AB, and is perpendicular to the plane of the paper. 

Suppose the vertical plane of projection to be turned or 
revolved around AE as an axis, or hinge, till it coincides with 
the plane of the paper. There are two ways in which this 
revolution can be made : first, we can so revolve the vertical 
plane, that the part which is above the horizontal plane shall 
fall in front of the ground line AB ; the part of the vertical 
plane which is below the horizontal plane will, in that case, fall 
iieyond the ground line AB ; or, secondly, it can be so revolved 
that the part which is above the horizontal plane shall fall beyond 
the ground line, the part which is beneath the horizontal plane 
will then fall in front of the ground line AB. The latter 
method will be used. The part of the paper which is be- 
yond the ground line will then represent that part of tlie ver- 
tical plane of projection which is above the horizontal plane, 
and also, that part of the horizontal plane which is behind 
the vertical plane ; and Ihe part of the paper which is in front 
of the ground line will represent that part of the vertical piano 
which is below the horizontal plane, and that part of the hori- 
zontal plane which is in front of the vertical plane. 

§ 8. There arc four diedral angles formed by these planes. 
First, the angle above the horizontal, and in i'ront of the vertical 
plane ; second, the angle above the horizontal and behind the 
vertical plane ; third, the angle behind the vertical, and beneath 
the horizontal plane ; fourth, the angle beneath the horizcntai, 
and in front of the vertical plane 

§ 9. Any hoe of a plane, about which the plane is made to 
turn, or revolve, is called the oris of revolution. 

§ 10. In revolving a plane about an axis, like a door, foi 
example, on its hinges, all the points and lines of the plane 
preserve, their relative positions. 
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FIRST PlilNCIPLEB. 11 

§ 11. If from any point of a plane, a line be drawn per- 
pendicular to the axis, and the plane be then revolved, the 
point will describe the circumfei-ence of a circle — the radius 
of this circle is equal to the perpendicular let fall on the axis, 
and the plane of the circle is perpendicular to the axis, since 
the axis is perpendicular to all the radii. If, therefore, through 
any point of a revolving plane, a plane be drawn perpendicular 
to the axis, liie point will continue during the revolution in the 
perpendicular plane. All the points of the axis remain fixed 
during the revolution, 

§ 12. If from any point in space, a perpendicular be let fall 
on the horisontal plaiie, the foot of the perpendicular is the 
horizotJtal proj&:tion of (lis point. If, in like manner, a perpen- 
dicular be drawn to the vertical plane, the foot of the perpen- 
dicular is the verUcal projection of tJie point. These perpen- 
diculars are called the prt^ccting linen tf the point. 

§ 13. PI. 1. Fig. 1. Let AB be the ground line, and C the 
horizontal projection of a point. Since the horizontal projec- 
tion of a point is the foot of a perpendicular passing through the 
point (12), the point of which C is the horizontal projecticm 
is any point of the right line drawn perpendicular to the hori- 
Eontal plane at C. I^t C be the vertical projection of the 
same point. That the point may answer these two conditions 
at the same time, it must be in a line perpendicular to the hori- 
Eontal piano at C, and in a hne perpendicular to the vertical 
[)lane at C, and these lines intersect, since they pass through 
the same point. Conceive a plane to be drawn thi-ough the 
projecting lines of this point. It will be perpendicular to both 
the planes of projection, since it contains lines respectively per- 
pendicular to these planes ; it will consequently be perpen- 
dicular to their intersection, that is, to the ground line. This 
plane will then intersect the planes of projection in two lines at 
right angles to each other, and perpendicular to the ground line 
at the same point. When the vertical plane is revolved about 
the ground line, to coincide with the horizontal plane, the ver- 
tical projection of the point continues at its distance from the 
xis, and in a thiid plane passing through the point perpendicu- 
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lar to the axis (11) ; and after the revolution, it will be faaud 
ill tlie intersection of tliis third plane with the horizontal plane; 
that is, in a line through C perpendicular to the ground line AB, 
Hence, when the planes of projection are revolved to coincide, 
the vertical and luyrizmtal projections of a poiiU, are in a line 
perpendicular to the common intersection, or givuitd line, 

§ 14 We may remark, that the distance from the vertical 
projection of a point to the ground line, is equal to the dis- 
tance of the point in space from the horizontal plane, and that 
the distance from the horizontal projection to the ground line, is 
equal to the distance of the point in space from the vertical 
jdane. That is, CD is equal to the height of the point above 
the horizontal plane, and CI) to its distance from the vertical 
plane. 

§ 15. All points in the first and second angles aje projected 
on the vertical pkne above the ground line ; and all points in 
the third and fourth anglea,below it. Points situated in the 
first and fourth angles are horizontally projected on that part 
of the horizontal plane which is in front of the vertical plane ; 
and points situated in the second and third angles are pro- 
jected on that part of the horizontal plane which is behind the 
vertical plane. 

§ 16. Let AE be the ground line, C the horizontal, and C the 
vertical projection of a point ; CD is its distance above the 
liorizontal plane, and CD its distance from the vertical plane ; 
the point is then in the first angle. If C be the vertical, and 
E the horizontal projection of a point, it is situated in the second 
angle, CD is its height above the horizontal plane, and DE its 
distance behind the vertical plane. If C" be the horizontal, 
and C the vertical projection of a point, the point is in the 
third angle, — C"D is its distance behind the vertical plane, 
and CD its distance beneath the horizontal plane. If C" bo 
the horizontal projection, and E the vertical projection of a 
point, the point is situated in the fourth angle, in front of the 
vertical plane a distance equal to DC", aiid beneath the hori- 
zontal plane a distance equal to DE. 

5 17 All points situated in one of the planes of projection are. 
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FIRST PMNCIPIES. 13 

their oion pr<^ectwns on tliat plane, and are projected on the 
other plane into the ground line. 

§ 18. The two projections of a point determine its position in 
space. For, let C and C be the projections of a point. Erect 
at C a perpendicular to the horizontal plane, it will pass through 
the point of which C is the horizontal projection. Draw also 
at C a perpendicular to the vertical plane ; this perpendicular 
will intersect the perpend iculiir to the horizontal plane, before 
drawn, and their point of intersection is the position of the 
point in space. 

§ 19. When it is necessary to refer to a point in space, given 
in position by its projections, instead of saying, the point whose 
horizontal projection is C and vertical projection C, we say, 
simply, the point (C, C'). 

§ 20. Two lines which intersect, or ore parallel, determine 
the position of a plane passing through them. If, then, the 
hnes in which a plane intersects the planes of projection are 
known, the plane itself is given in position. It is by means 
of these lines, vshich are called traces, that we are enabled to 
show, on the planes of projection, the position which planes 
have with each other in space. 

§ 21. The line in which a plane intersects the horizontal plane 
IS called its horizontal trace ; and the line in which it intersects 
the vertical plane, is called ils vertical trace. 

§ 22. If a plane be parallel to either of the planes of pro- 
jection, it will have but one trace, which will be on that plane 
to which it is not parallel. 

§ 23. If a plane he parallel to the ground* line, and not to 
either plane of projection, it will have two traces, both of which 
will be parallel to the ground line, else they would meet it, 
in which case the plane itself would meet the ground line. If 
a plane be not parallel lo the ground line, it will meet ii in a 
point ; this point is in the vertical trace of the plane, since it 
is in the vertical plane of projection ; it is in the horizontal 
trace, since it is in the horizontal plane of projection ; and 
hence, when a plane is vol par;illel to iJie ground line, i(» 
traces will both intersect il at the tame point. 
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§ 24 Tfie horkontal ^projection of a right line is the koit 
zontal trace of a plane passing through t/te line and perjien- 
dicular to the horizontal plane. Tlie vertical pnyjection of 6- 
right line is the vertical trace of a plane passing thivugh tlie line 
and perpendicular to the vertical plane. These planes are called ■ 
the projecting planes of tlie line. 

§ 25. The projection of a right line on either plane of jiro- 
jection, is made up of the projections of iiU the points of the 
hne Foi, if perpendiculars be drawn from all the points of a 
1 ght hne, to either piano of projection, they will be contained 
m the pi ejecting plane of that line, and will pierce the plane 
i)f projection in the trace' of the projecting plane which con- 
tains them. 

§ 26 The two projections of a line determine its position in 
pace 

Let N5I (PI. 1. Fig. 2.) be the ground line, AB the hori- 
zontal, ai d A'B' the vertical projection of a right line. If a 
phnc be drawn through AB perpendicular to the horizontal 
plane, it w ill be the projecting plane of the line, and will there- 
lore contam it. If through A'B' a plane be drawn perpen- 
dicul 1 t J the vertical plane, this plane, being the other project- 
ing plane of the line, also contains it. Hence, the line of which 
\B, A B are the projections, is the line of intersection of these 
two planes, and since the planes are determined in position, 
their intersection is also determined. If the horizonta projec- 
tion only be given, the line is somewhere in a plane passing 
thi-ough the horizonta! projection and perpendicular to the 
horizontal plane, but its position in this projecting plane is not 
determined. So, when the vertical projection only is given, 
the line may have any position in the plane passing through 
the projection and perpendicular to the vertical plane. 

§ 27. ^ a line be parallel to one of the planes of projection, 
its pryection on the otiier plane is parallel to the ground line_ 
for the projecting plane of the line is parallel to that plane of 
projection to which the line is parallel. 

§ 28, JJ a line be perpendicular to one of tJie planes of pro- 
jection, its projection on that plane is a paint : for, the projecl- 
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RIGHT LINE AND PtANE. 15 

ing lines of all the points coincide with the given line. Art. 
24 does not apply to this case. 

§ 39. When we have occasion to refer to a Ime in space, 
instead of saying, the line of which AB is the horizontal, and 
A'B' the vertical projection, we say, the line (AB, A'B'). 

§ 30. Tfie projections on tlte same plane of parallel lines are 
parallel: for, the projecting planes containing the given par- 
allel lines, and being perpendicular to the same plane (34), are 
parallel ; hence their intersections by the plane of projection 
ace also parallel But these intersections are the projections 
of the lines (24), therefore the projections on the same plane 
of parallel lines are parallel. 

§ 31. PI. 1. Fig. 3. Let AB be the horizontal, and A'B' 
the vertical trace of an oblique plane. If this plane were per- 
pendicular to the horizontal plane, and had the same horizonfM 
trace AB, the vertical trace would pass through A, and be 
perpendicular to the ground line. If f!ie plane were perpen- 
dicular to the vertical plane, and eut the ground line, its hori- 
zontal trace woxdd be perpendicular to tlie ground line. If 
the plane were perpendicular to both planes of projection, 
hoUi ill traces would be perpendiculur to the ground line. A 
line situated in such a plane is not determined in position by its 
two projections (36). When we wish to designate a plane 
whose Eiorizonial trace is AB, and vertical trace AE', we say 
the plane (AB.AB'). 
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CHAPTER 11. 

Of Uie conventional meOiods of making Vie prycctioTU cf lines 
and t!ie traces of planes in the different angles; lioie the 
given and required parts are distinguished from Utose which 
fire used merely to aid tn the construction. Solution of some 
of the principal problems on the right line and plane. 

§ 33. In every projection there is some point at which the 
eye is supposed to be situated, and from which the projec- 
tion, or drawing, should present the same appearance as is 
presented by the objects which it is made to represent. 

§ 33. In the projection now used, which is named the Or- 
TiioGBAPHic, or OiiTiioGONAL projection, the eye is supposed 
to be at an infinite distance from the plane on which the pro- 
jection is made, and the drawing or representation is supposed 
to be viewed from that position of ttie eye. 

§ 34. The position of the eye is generally taken in tne first 
angle ; hence, all objects situated within this angle can be 
seen, but objects in either of the other angles are concealed 
by the planes of projection. Lines that are given, or required, 
are made full if they can be seen, but are dotted if concealed 
by other objects or by t!ie planes of projection. Auxiliary 
lines, or lines used to aid in the construction of a problem, are 
always dotted. 

5 35 The traces of gi\en or lequired planes are made full 
in the first angle, unless they pass under bodies which prevent 
them fiom bemg seen, m which case fhey are broken. But 
when, as m Fig 3, the horizontal trace BA is produced behind 
the vertical plane, or the vertical tiare B'A is produced below 
the hot izontal plane, the parts AC, AC, so produced, are made 
broken, as in the figure. The traces of auxiliary planes are 
always broken. 



Hosted by 



Google 



IiI«HT tOiB AND PLANE. 17 

5 38 Rlglit lines and planes are indefinite ; and the projec- 
dons and traces which are made in the figures, are only the 
parts intercepted between given points. 

FROBLEM I. 

A rtffM tine being given hy its projections, ii is required to <fe- 
termine tJie points in ichick it pierces Uie planes of projection, 

§ 37. PI. 1. Fig. 4. I,et CF be the ground line, AB the hori- 
zontal, and A'B' the vertical projection of the given line. 

Produce the horizontal projection AB till it intersects the 
ground line at D. At the point D, erect in the vertical plane 
the perpendicular DD' to the ground line — DD' is the verti- 
cal trace of the plane which projects the line on the horizontai 
'plane. Produce the vertical projection of the line til! it inter- 
Eects the perpendicular at D', and this point of intersection is 
the point at which the line pierces the vertical plane. To End 
the point at which it pierces the horizontal plane, produce the 
vertical projection till it intersects the ground line at C. From 
this point, draw in the horizontal plane the peipendicular CC 
to the ground line — CC is the horizonial trace of the plane 
which projects the given line on the vertical plane ; the point 
C, in which it intersects the horisontal pntjection of t!ie line 
produced, is the point at which the line pierces the horizontal 
plane. 

First, to prove that the line pierces the vertical plane at D" 
Every line of a plane pierces the planes of projection in the 
traces of the plane. The given line must then pierce the ver- 
tical plane somewhere in the line CB', the vertical trace of 
the pkne which projects it on the vertical plane, and some- 
where in the line DD', the vertical trace of the plane which 
projects it on the horizontal plane; hence, the line pierces 
the vertical plane at D', their point of interaection. For the 
same reasons it follows, that the line must pierce the horizon- 
tal plane in CC, the horizontal trace of the plane which pro- 
jects the line on the vertical plane, and in EC, the trace of 
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I8 DESCRIPTIVE OEOMETKY. 

the plane which projects the line on the horizontal plane- 
hence it pierces it at C, their point of intersection. The poin! 
D' is above the horizontul plane the distance DD', and the 
pnint C is behind the vertical plane the distance CC', 

PROBLEM II. 

To Jtnd the length of a line joining any two points in n-pacc, 
given hj tlieir projection!;. 

§ 33. PI. 3. Fig. L Lei (A, A') syid {B,B') be the given 
points. 

If a line pass through a point in space, the projections of 
the line will pass through the projections of the point ; there- 
fore, AB is the hovizontai, and A'B' the vertical projection of 
the line joining the given points. 

Revolve the plane which projects the line on the homontn.! 
plane around its horizontal trace till it coincides with the 
horizontal plane of projection. The point (A, A') will fall in a 
line drawn through A, perpendicular to AB (11), and at a dis- 
tance from A equal to its height above the horizontal plDiic. 
The point (B, B') also falls in a pei-pendicular to the trace AB, 
and at a distance from the point B equal to its height above 
the horizontal plane. Hiiving made AD and BC respectively 
equal to, the heights of the points above the horizontal plane, 
dj'aw DC, which will be the length of the line sought. TIik 
point F, in which the line joining the points pierces the hori- 
zontal plane, being in the axis, remains fixed during the revo- 
lution ; the line CD produced should, therefore, pass through this 
point. A similar construction might be made on the vertical 
plane. 

§ 39. We may here remark, that the projection of a Una 
on eitliei- plane is less than the line itself, unless the line be 
parallel to ike plane on whichit is projected. For, if tiirough 
D a line DC be drawn parallel to AE, it wil! be less than 
DC, the length of the ^ven line, and equal to AB, its pro- 
jection on the horizontal plane ; and the same m,-iy be showis 
when it is projected on the vertical plane. 
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RIGHT LIMIi AND PLANE, 19 

Since the angle formod by a line and plane is measured by 
Ihe angle included between tiie line and its projection on the 
plane, the angle CFB, or its equal CDC, is equal to the angJe 
which the line (AB, A'B') makes with the horizontal plane. 
Hence, if a right-angled triangle he constmcied, having Hie 
angle at the base equal to the, angle which the line makes with 
Ihe plane, the hypothenuse yyill be to the base, as the length of 
the line to ike length of its pnyectian. We also conclude, that 
the length of a line is equal to the hj/potlienuse of a triangle 
whose base is the prt^ectwn of tlie line, and wliose perpendicular 
is equal to tite difference between lite perpendiculars let fall from 
'he ttoo extremities of the line, on the plane of projection. 

§ 40, If a line be paralld to a plane, its projection on such 
plane will evidently be equal to the line itself: for the line, its 
projection, and the two projecting perpendiculars through its 
extremities form a rectangle, of which the line and its projection 
are opposite sides. 

5 4i. The length of the line may also be determined from 
iCs projections, thus ; Revolve the plane which projects the line 
on tlie horizontal plane, about the perpendiculai to the hori- 
zontal plane at A, till it becomes parallel to the vertical plane : 
the line from this position will be projected on the vertical 
plane in its true length (40). In this revolution, all the points 
of the projecting plane describe, about the vertical asis, arcs 
of horizontal circles. The foot of the perpendicular to the 
horizontal plane at B describes the arc BG, on the horizontal 
plane, about A as a centre. Project the point G into the ver- 
tical [)lane, and erect at I tlie perpendicular JH to the ground 
line ; IH will be the vertical projection, from its revolved posi- 
tion, of the perpendicular to the horizontal plane at B. But 
in the revolution the point (B,B') neither approaches to, nor 
recedes from, the horizontal plane ; its vertical projection 
n'.ust then be always found in a parallel to the ground line 
through E'. This parallel intersects the .perpendicular III at 
H ; H is then the vertical projection of the point {B,B') from 
the position whicli it has when the projecting plane of the line 
is revolved ]>ardifel to the vertical plane. The point {A,A') re 
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mains fixed, being in the axis, and A'H is llie vertical projef.tiou 
of tlie given line Troiii its revolved position. This iiiie is evi- 
dtntly equal to CD. 



PROBLEM in. 

To pass a plane through three points in space, given hj their 
pi-ojectioiis ; the points not being in the same right line. 

§ 4% Pl. 2. Fig. 9. A piane can alwaya be passed Ebrougti 
three points, and this condition determines its position. 

FoF, conceive two of the points to be joined by a right lint;, 
and through this liiie Jet any plane be drawn. Let the plane 
be revolved about this line until it embraces the thii'd point ; if 
the plane be revolved either way from this position, it will no 
longer contain the third point ; hence, there is but one position 
in which it will pass through the three given points ; or, in oiher 
words, ortly one plane can be drawn tJtrough three points. 

Let FH be the ground line, (A,A'), {B,B'), (C,C') the givefi 
points. 

(conceive the pmnts to be joined by the right lines (AB, A BJ, 
(AC, A'C), (BC, B'C), the projections of these lines will pass 
through the projections of the points respectively. Since these 
Imes are lines of the required plane, the points in which they 
pierce the planes of projection are points of the ti'aces of the 
required plane. Therefore, tlie point P, in which the line 
(AB, A'B") pierces the veitieal plane, is one point of the ver- 
tical trace ; aud the point D, in which the line (AC, A'C) 
pierces the vertical plane, is a second point of the vertical 
trace ; hence, DEF is the vertical trace of the required plane 
Tlio tine (EC, B'C) piei-ces the horizontal plane at G, which 
is a point of the horizontal trace, and F is another point (23), 
.therefore, GF is the horizontal trace of the required plane, and 
(FG, FD) is the plane containing the three given points. The 
point I, in which the line (BC, B'C) pierces the vertical plane, 
is also a point of the vertical trace, and sliould be found in 
order to verify the construction. The points in which the 
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lilies (AB, A'B'), (AC, A'C) pierce the horizontal phin^ are 
points of the hnrizontal trace, !ind will be iound in the iiaco 
FG, if the construction be correctly miide. 



PROBLEM IV. 

Having given one pmjectien of a point of an d>lique plane, it is 
required to find tlie other projection, owl tlie position of l.hc 
poiiit ofier tlie piane shiiU /iave!>eeu revolcsil to coincide vuHi 
^itfier jdaiie of projection. 

^ 43. PI. 3. Fig. 3. Let AB be the .ground line, (AE, AD) 
the given plane, and C the horizonta! projectiosi of t!ie point. 
, Erect at C a perpendicular to the hoi-izontal plane ; the point 
i[i which this perpendicular pk^rces the obikjue plane is the 
only point of that plane which is horizonially projected at C. 
Through the point in which the line pierces the oblique plane 
conceive a liite to be drawn parallel to its horizontal trace. 
This parallel is a line of the oblique plane, is parallel to the 
horizontal plaoe, and its borisonlal prajecfion CD passes 
ihrough C and is parallel to AE, the horizontal trace of the 
oblique piane (30). 

Let p]3' be drawn in the vertical plane, perpendicular to 
the ground line AB; the point D', in which it intersects the 
vertical trace of the oblique plane, is the point in which the line 
drawn parallel to the horizoirtal trace pierces the veHical plane, 
since it ntiiat pierce the vertical plane in the-trace AD', and 
also in D3>', the •^rertical tr:ice of ks pfojecling plane (3Tj, 
The line D'C', drsiwn through D' parallel to the ground line, 
is the verticnj projection of llie line of which CD is tlie hori- 
zontal projection (37). The vertical projection of the required 
point is ill the line CD , it is also in the perpendicular from C 
to tlio groiind line {!3) ; hence it is at C, their poiiii of inter- 
cectioB. If the vertical projection were given, the horizontal 
projection could be determined bv a similar construction. 

Let the oblique phine lie revolved around AE till it coin- 
lieies with the horizontal pbne. The point (CC) will fall in 
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212 DESCRIPTIVE (lEOMETRY. 

ihe trace of a plane drawn through it perpendicular to the axis 
AE(ll), and at a distance from t!ie point E equal to tlie 
liypothenuse of a triani;!e whose base is EC, and aUitude the 
lieight of the point above the hoi-izonta! plane. Making CP, 
on the line CD, equal to this altitude, and joining E and F, - 
gives EF for this hypothenuse. With E as a centre, anci 
radius EF, describe a semicircle, and the points F', F", in 
which it intersects the trace F'F", are the points sought. If 
the plane he revolved towards the vcrti(;al plane, the point 
(C,C') falls at F ; if from the vertical plane, at F'. A similar 
construction would determine the position of the point (C,C') 
should the plane be revolved about its veriical Iraee to coin- 
cidc with the veriical plane. 

PROBLEM V, 

To show how ttco lines which interned in sj>nce are situated in 
piyjection ; and secondhj, to find the angle which they make 
iinth eadt other. 

§ 44. PI. 3. Fig. I. Let A'B' be the ground line, AC. 
BC the horizontal, and A'C, E'C the vertical projections of 
the lines. 

As the point of intersection is common to the two tines, its 
horizontal and vertical projections will be found in the hori- 
zontal and vertical projections of each of the lines. The point 
C, in which their horizontal projections intersect, is, conse- 
quently, the horizontal projection of the point in which tl>e lines 
intersect, and the point C, in .which their vertical projections 
intersect, is tho vertical projection of the same point. The 
points C and C, being the projections of the same point, are 
contained in the same pcr|>ondicnlar to the groimd line (13), 
If, therefore, two lines InlerRect in space, the points in which 
tlwir prf^ections intersect u'.il be contained in a perpendiadaf 
to tlie ground line. 

SecoiKity, to find the ang'.u which the lines make willi eac.l"! 
othei' 
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EIGHT LIKE AND PLANE. 23 

Tiie two lines iutersecting, a plane can be drawn containing 
them. If this plane be revolved about its horizontal trace til! 
it coincides with the horizontal plane, or about its vertical trace 
tii! it coincides with the vertical plane, in either cf the revolu- 
tions the lines will not change tJieir relative positions ; hence, 
the angle mhich they malie in space is equal to the angle they 
wiU make after tlie revolution. 

The lines pierce the horizontal plane at A and B ; hence, AB 
is the horizontal trace of their plane. Through the point C 
draw CD perpendicular to the trace AB. This line is the 
horizonta] trace of a plane passing through the point (C,C') 
and perpendicular to AE. When the plane of the two lines 
is revolved about its horizontal trace to coincide with the 
horizontal plane, their point of intersection falls at C", a dis- 
tance from U equal to C'G, the hypothenuse of a triangle 
whose perpendicular FC is equal to the height of the point 
(C,C') above the horizontal plane, and whose base FG is equal 
to CD, the distance of its horizontal projection from the 
axis (1 1). But A and B, being in the axis, remain fixed ; there- 
fore, AG" and EC" are the lines in their revolved position, and 
AC"B is the angle included between them. A similar con- 
. struction would determine the angle on the vertical plane ; it 
would rtiily be necessary to revolve the plane of the lines around 
its vertical trace till it coincided with that plane, 

PliOBLEM VI. 

Two oblique planes being given hrj their traces, it is required to 
find, the two projections of tfieir line of intersection. 

5 45. PI. 3. Fig. 3. Let AB be the g»-onnd line, and (AC 
AI>), (BC, BD) the given planes. 

Since the, line of intersection is a lino of the plane (AC, AD), 
it must pierce the hoi-izontnl plane in the trace AC, and the 
vertical plane in the trace AD. As the line of intersection is 
ho a line of the plane (BC, BD), it will pierce the horizontdt 
jiane in the trace BC. and the vertical p.ane in the trace BD. 
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Henco, tlie intersection of the two planes pierces the horizontal 
pl.Kie at C, the point in wliicli their horizontal traces intersect, 
and the vertical plane at D, the point in which their vertical 
traces intersect. We have, then, only to find the projections of 
thib Imp. The point C is its own projection, on the horizontal 
plane (17), and the point D, being in the vertical plane, is hori- 
zont illy projected in the ground line at D (17) ; therefore, CIV 
IS the horizontal projection of the intersection. Projecting C 
into thf vertical plane at C, determines CD, the vertical pro- 
jection of the intersection. 

PROBLEM VII. 

To find the angles included between an oblique pia-iw and (lU 
planes of prt^ectlon. 

§ 4Vi, PI. 3. Fig. 3. Let AB be the graund line, and (AD, 
AC) the given plane. 

if a plane be drawn perpendicular to the iiorizontal trace 
of the oblique plane at any point, it will be perpendicular to the 
horizontal plane, and to the oblique plane ; and will consequently 
nitei cct these planes in lines perpendicular to their common 
ntcih ctfon at th" same point. The angle included between 
t'lLst ! (16) 13 cq ] il to the angle contained by the planes. 

Let DC , di iwn perpendicular to AD, be the horizontal trace 
of ^ich a phne As this plane is perpendicular to the hori- 
zontal pi uie its vertical trice C'C is perpendicular to the 
grou id line at C Let tl s pla b evolved around DC 
till If comcia^s with the ho zont 1 ph e the point C falls at 
C", m a perpendicular to DC a ' t d tance from C' equal 
to C'C, its height above tht, g ou d 1 ne Draw DC", and it 
will be the intersection of tl e obi que a J \ erpendicular planes, 
in its revolved position, and the ngle C DC" is equal to the 
angle which the oblique plane nkes w tl the horizontal plane. 

5 47. !f the perpendicul r pWne be evolved about its ver- 
tical trace CC, till it coincides with the vertical plane, the point 
D will describe, in the horizontal plane, the arc DIV about C 
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EIGHT LINE AND TLANE. 25 

as a centre, and wiJ! fall at D' ; Ciy will be the revolved posi- 
tion of the line of intersection of llie perpendicular and oblique 
planes, and CD' the revolved position of the intersection of 
the perpendicular and horizontal pianes; hence, CI)'C' is 
equal to the angle which the oblique plane makes with the 
horizontal plane. This angle is evidently equal to the angle 
C'DG". The angle which the plane makes witJi the vertical 
plane, is found by a construction similar to either of those 
just given. 

PH.OBLEM vni. 

A plane being given by its traces, and a line not parallel to (he 
plane hy its pryections, it is required to find tJie point in 
which the line pierces tJie plane. 

§ 48. PI. 3. Fig. 4. Let AB be the ground lino, {AD, AD') 
the given plane, and (EC, E'C) t!ie given llae. 

Ji any plane be drawn through the line, it will intersect the 
^ven plane in a right line ; this line will contain the point in 
■which the given line pierces the given plane. The point in 
which the given line meets this line of intersection ia, there- 
fore, the point sought. Let the plane which projects the line 
OQ the horizontal plane be the one drawn through it. This 
plane intersects the oblique plane in a line which pierces the 
horizontal plane at a, and the vertical plane at D' (45) ; and 
a!\y is its vertical projection. But since this line of intersec- 
tion, and the given line, intersect in space, the intersection p' 
of their vertical projections is the vertical projection of their 
intersection (44) ; p' is therefore the vertical projection of the 
point in which the line pierces the piane ; and p is its hori- 
zontal projection, since the horizontal projection is in the hori- 
zontal projection of the line, and in a perpendicular to the 
ground line throuj^h p'. 

The point p might be iimnd without demiltiug the perpen- 
dicular to the ground line from p'. For the plane which pro. 
jects the given line (EC, E'C'} on the vertical [itane. intersects 
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tiie oblique plane (AD, AD'} in a line of which D&' is the hori- 
zontal projection, and the point p, in which D6' intersects ths 
horiEOntal projection of the given line, h the horizontal projec- 
tion of the requii-ed point, 

PROPOSITION iX. THEOREM. 

Ij a line he perpendicular to an ohliqiie plane, the projecHans 
of the line are respectively perpendicular to the traces of tJie 
plane ; that is, the horizontal projection to the horizontal trace, 
and the vertical projection to t/>£ veiiical trace. 

§ 49. For, the phne which projects the line on the hoiizontal 
plane is perpenriicuhi to tiic obhque plane since it < ontains a 
line perpendicular to it it is also ppi pendicular to the horizontal 
plane, and the efo e pe pendicular to their mteisection that 
is, to the I o zontal t a e ot the oblique plane Since the 
horizontal t e of tl e oblique plane is perpen liculir to the 
projecting pi e of tl e t, ven hne it will be perpendicular to 
its horizont It e tl t s to the hirizonlal projection of the 
given line (24), It inij b? sh jw n in t -.imihr manner that the 
vertical projection of the hro* it. pirpendicuiii to the veiticil 
trace of the oblique plane 

^ 50. The converse of this proposition is also tme, that is, if 
ilte projections of a line are respectively perpendicular to the 
traces of a plane, the line in space is perpendicular to the plane. 
Fo tl e I roject* "■ planes of the line will be respectively per- 
pe d cuhr to th traces of the oblique plane, and therefore 
perpend cuiai to the obi que plane ; hence, their intersection, 
wi cl 3 t! e 1 ne 11 1 e perpendicular to the oblique plane. 

§ 31 If two lines ai-e perpendicular to each other, and are 
proj cted on a [ lane to which one of them is parallel, their 
prelections wUl also be at right angles. For, through the line 
which is parallel to the plane on which the projection is made, 
conceive a plane to be drawn perpendicular to the other line ; 
its trace will be parallel to the line through which the plane is 
drawn, since the line is parallel to the plane of projection. But 
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l.he pi-ojecnori of the line through which the plane is passed 
will be parallel to the trace of the p'ane, since they are paralleJ 
in space ; and as the projection of the other hnc is perpen 
dicular to llie trace (49), it will be perpendicular to any line 
parallel to the trace, and consequently to the projection of 
the line through which the plane is drawn. 



2b draw from a given point a line perpendicular to a given 
plane ; to find the point in vMch it pierces the plane, and 
tite length of the perpendicular. 

§ 5'2. PI. 4. Fig. 1. Let AB be the gi-oiiod hne, (D,D') the 
given point, and (AC, AC) the given plane. 

The horizontal projection of the line must pass through D, 
and be perpendicular to AC, since the line is perpendicuiar to 
the plane (AC, AC) (49). The vertical projection must pass 
through D' and be perpendicular to AC. The lines DF and 
D'F' drawn through D and D', I'especlively perpendicular to 
the traces AC, AC, are the projections of the perpendicular 
sought. Having determined the projections of the line, the 
point (F,F) in which it pierces the plane (AC, AC) is found 
as in Prob. 8. The length D"F" of the perpendicular is found 
as in Prob. % To find the shortest distance between a point 
and plane, we have only to draw a perpendicular to the plane 
and find its length. 

PROBLEM XI. 

To draw through a gii>e% poitU a plane perpendicular to a 
given, line. 

§53. PI. 4. Fig. '2. LetA'Rbethegjoundline, (AD,A'D') 
li.e given line, and (E,E') the given point. 
As the required plane is to be perpendicular to tiie line, the 
nces of the pl:ine must be respectively perpendicular to its 
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projections (49) ; we know then the directions of the traces of 
tlie required plane. Bat the plane is to pass through the point 
(E,E ). Therefore, through the point (E,E') conceive a line to 
be drawn parallel to the horizontal trace of the required plane. 
This line will be horizontal, and also a line of the required 
plane. Its horizontal projection passes through E, and is per- 
pendicular to AD, for the line in space being parallel to the 
horizontal trace of the required plane, its horizontal projectiou 
is parallel to this trace (30) ; that is, perpendicular to AD. The 
line, therefore, drawn through E, perpendicular to AD, is the 
horizontal projection of the line through (E,E'), the vertical 
projection of which passes through E' and is parallel to the 
ground line. This line pierces the veilical plane at F, which is 
a point of the vertical trace of the required plane. Thronjjh 
this point draw C'FR perpendicular to A'D; and it will be the 
vertical trace of the required plane. Through the point R, in 
which tliis trace intersects the ground line, draw RC per- 
pendicular to AD, and it will be the horizontal trace of tliC 
required plane, if through the point (E,E') a line were drawn 
paiallel to the vertical trace of the required plane, it would 
pierce the horizontal plane at G, which is a point of the hori- 
Eontal trace of the required piano : this point will fall in the line 
RC as before drawn, if the construction be correct. 

PllOBI.EM xir. 

To find tlie shortest distance between a pomt and Imp given by 
their projections 

§ 54. The length of the perpend iuulai from the pont to ihe 
lino is the distance sought. This perpendicul a is conti }cd 
m a phuie .passing through the point and perpendic uhr to the 
fine. If, then, a plane be drawn tli rough the point and perpen- 
dicular to the line (53), and the pou t in vihith it cuts the hne 
be determined (53), the distance bptween his point and the 
given point is the distance requireil 

4 55. The problem can be solved ^theI^^ e t'lu- P iw 
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a plane through tlie right line and point. Let this piane be 
revolved about its horizontal trace till it coincides witii iUe 
hoi'izontal plane, or about its vertical trace till it coincides with 
the vertical piane. Find the position of the point and line after 
either of these revolutions, and draw through the point thus 
revolved a perpendicular to the revolved line. This will be 
the true length of the perpendicular sought, since the point and 
hue do not change their relative position in the revolution of 
their plane. 

Pi. 4. Fig. 3. Let A'B be the ground line, (AC, A'C) 
the ^iven line, and (D,D') the given point. 

First, to draw a plane tlirough the point and line. Through 
the point (D,D') draw a line parajie! to (AC, A'C), its two 
projections ere respectively parallel to AC, A'C, and it pierces 
the horizontal plane at F. The given line pierces the hori- 
zontal piane at A, therefoi-e AFO is the horizontal trace of a 
piane passing through the two jjaralleis, which plane contains 
the given point and line. Let this plane be revolved about 
its horizontal trace AO till it coincides with the horizontal 
plaiie. The point (D,D') falls at D", in a perpend icnkr 
drawn through D to the trace AO (tl), and at a distance 
from the point O equal to D'B, the hypothenuae of a triangle 
whose perpendicular D'P is equal to the height of the point 
above the horizontal plane, and base PB equal to DO, iho 
distance of the horizontal projection of tiie point from the 
axis. As F remains fixed, being in the axis, FD" is the revolved 
position of the parallel line. But lines in the same plane, 
which are parallel before revolution, are pai'allel after (10). 
E)raw„ therefore, through A the line AM" parallel to FD", and 
we have AM" for the position of the given line revolve<l on the 
horizontal plane. Through D" draw D"M" perpendicular to 
AM", and it will be the perpendicular required. Making a 
counter revolution, or bringing the plane back to its first posi- 
tion, the point D" will be horizontally projected tX T), and the 
point M" at M, since the point M" revolves in a plane perpen- 
dicular to AO, and must, after the counter revolution is com- 
pleted, be hoiizontally projected in the line AC. The vcrlical 
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[:)rojectio[i of the point of which M is the iiorizontal, is in a 
perpendicular to the ground hne through M , asid also in the Jine 
A'G' ; hence it is at M' their point of intersection. The line DM 
is then the horizontal, and D'M' the vertical projection of the per- 
pendicular, and M"D" is its true length. The plane might have 
been drawn through the poiut and line by joining the given 
point and any point of tiie line, and drawing a plane through 
tliis and the given line. 

PROBLEM XIII. 
To measiiTe the angle bettveen tivo oblique planes, 

§ S6. The angle between two planes is measured by the 
angfe included between two lines, one in each plane, and both 
perpendicular to the common intersection at the same point. 
If a piane be drawn perpendicular to the common intersection 
of the two planes, at any point, it wilt intersect the planes in 
lines perpendicular to the common intersection, and when the 
angle between these two lines is determined, the angle between 
the planes will be known. 

Pi. 4. Fig. 4. Let HP be the ground line, aiid {HC, BC) 
(AC, AC) the given planes. 

The intersection of these planes pierces the horizontal plane 
at C, and the vertical plane at C, and CD ts its horizontal 
projection. If we suppose a plane drawn perpendicular to this 
intersection, its horizontal trace will be perpendicular to CD, 
the horizontal projection of the intersection (49). Let FG, 
perpendicular to CD, be the horizontal trace of such a piane. 
The lines' in which this' plane intersects the oblique planes, 
pierce the horizontal plane at F and G; and these two lines, 
together with FG, form a triangle of which FG is the base. 
The vertical oiigie of this triangle is equal to the angle included 
between the planes, and the vertex of this angle lies in iheir 
line of intersection, it is, then, only necessary to find this 
angle. The line joining the point N, and the vertex of the 
■\-Erlical angle of the triangle, is perpendicular to the common 
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intersection of the oblique planes, since it is contMned in a 
plane perpendicuhr to this intersection; it is also perpen- 
dicuhr to FG, since FU ib pei pendicular to the projecting 
phne of the intersection of the oblique planes, and this pro- 
jecting plane cr nt'iins the Ime drawn trom N. The length of 
this [me lb, theiefote, the shottcht distance from the angular 
point to the line FCx and li this length were known, by revolv- 
ing the plane of the tnansfle about FG as an axis, till it coin- 
cides with the horizontal pline, we could determine the posi- 
tion of the angular point and consequently, the magnitude of 
the an<fle 

To fand the length ot this line, let the plane which projects 
the intei section of the oblique pKnes on the horizontal plane, 
be revolved around lis hoiizontal trace CD, til! it coincides 
with the honzontil plane The point C falls at C", and as C 
remans fixed, CC is t!ie icvolved position of the intersection. 
But the required line trom N was pei pendicular to the inter- 
section before, and consequently will be perpendicular to it 
after the revolution. If, therefore, NI" be drawn perpendiculai 
to CC", it will be equal to the distance of the vertes of the 
vertical angle of the triangle from the base FG. Let now the 
plane of the triangle be revolved about its base FG, till it coin- 
cides with the horizontal plane. The vertex of the vertical 
angle falls in DC (U), and at a distance from N, equal to NV 
(II); it lalls therefore at I'. But since Fond G remain fiKcd. 
being in the axis, draw Fi' and Gl', and FI'G is equal to the 
angle included between the oblique planes. 

If from I" we draw I"0 perpendicular to CD, the point O is 
the horizontal projection of the angular point ; and by joining 
it wiEh F and G, we obtain the horizontal projection of the 
angle FI'G. 

The line NI" can be found by another construction. Let 
the plane which projects the intersection of the oblique planes 
on the horizontal plane, be revolved about its vertical trace 
DC, lili it coincides with the vertical plane. The points C 
and N describe arcs of circles in the horizontal plane, around 
D as a centre, and fall at P and N' ; henco, CT is the revolved 
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position of the intersection of the obiique planes. From N', 
let N'l be drawn perpendicular to C'P ; it is evidently equai 
to the line drawn from N, perpendicular to the intersection of 
the obiique planes. With N' as a centre, and radius N'], 
let the arc IB be described ; then, with D as a centre, and 
radius DB, let the ore BI' be described ; the point I', in which 
this are intersects DC, is the position of the angular point of 
fhe triangle, when its plane is revolved into the hoi-JKontal 
plane. The radius N'l is evidently equal to Nl',an(hiIso loKI". 

PR0B1.EM SIV. 
7h find the angle ichich a line makes with a p/ane. 

§ 57. The angle whicli a line makes with a plane, is the angle 
which the line makes with it p j t n the plane. If from 
any point of the line, a peq nd ul I drawn to the plane, 
the foot of the perpendic ! ne p nt of the pi-ojection 

of the line on the plane. If th n I e be produced tii! it 

meets the plane, the point f m t t; w II be another point of 
the projection of the line. Conceive the projection to be 
drawn. The given line, the perpendicular to the plane, and 
the projection of the line on the plane, form a right-angied 
triangle, and calling the projection of the line the base, tiie angle 
at the base is the angle sought ; this angle is readily found when 
the verSical angle is known. 

PI. 5. Fig. 1. Let AB' be the ground line, (AC, AC) the 
given plane, and {BD, B'D') the given line. 

-From any point of the given line, as (D,D'), let a line be 
drawn perpendicular to the given plane ; its projections will pass 
through the points D, and D', and be respectivejy perpendicular 
to the traces AC, AC (49)— DE is the horizontal, and P'E' the 
vertical projection of this perpendicular. We will now find 
the angle between this perpendicular and the given line, and 
then between the given line and the plane. The perpendicular 
pierces the horizontal plane at E, and the given line pierces 
it at E : therefore, BEG is the horizontal trace of their plane. 
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RIGHT LINE AND PLANE. yS 

Let this plniie be revolved about BG till it coincirles witli the 
horizorjtai piatno. The point (D,D') falls at D", and the points 
E and B remain fixed ; therefore, BD"E is eiiual to the angle 
included between the lines. From E, draw EF perpenc!ii;u- 
far to ED", and EFD" will be equal to the angle which the 
lino (DB, B'B') makes with the piane (AC, AC). 



PROBLEM XV. 

To pais a plane through a given line, and parallel to another 
given line. 

§ 58. If through any point of the line, through wliich the 
piano is to he passed, a line be drawn parallel to the Qther 
line, the plane drawn through these two lines wiil be the plane 



PL 5. Fig. 3. Let AB be the ground line, (DE, D'E') the 
sine through which the plane is to he drawn, and (NC, N'C) the 
line to whicli it is to be parallel. 

From any point, as (I),D'), of the line through which the 
plane is to be drawn, conceive a parallel to be drawn to (NC, 
N'C) ; its projections DI, D'l' are respectively parallel to CN, 
C'N', and the point I', in which this parallel pierces the vertical 
plane, is a point of the vertical trace of the required plane. 
The point E' is a second point of this trace ; hence E'I'A is the 
vertical trace, and AD the horizontal trace of the plane con- 
taining (DE, D'E'), and parallel to (NC, N'C). 

§ 59. If tlie point A, in which the vertical trace meets the 
ground line, wore not on the paper, a point of the horizontal 
trace might be found thus: through any point of the line (DE, 
D'E'), as (F.F'), conceive a line to be drawn parallel to the 
vertical trace E'l' — its vertical projection will be parallel to 
this trace, and its horizontal projection FQ parallel to the 
ground line (37). This line will pierce the horizontal plane at 
Q, which is therefore a point of the horizontal trace : the trace 
can then be drawn tlirough D and Q. 
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PROBLEM XVI. 



ll i^ required to find the shortest dislance between two lines, noi 
m t]ie swne plane ; or, to draw a ine tJiat shall be perpen- 
dicular to tJiem both. 

§ 60 If a plane be drawn thiougli one line, nud parallel to 
the other, the shortest distance between this plane and the line 
to \\ htch it IS pai allel, v. jll be equil to the diatince sought 

It the line, to which the plane is drawn paiallel, bo pro- 
jected on the partJlel plane, the projecting perjiendicuhrs of 
Its different poinf^> will be equal to eich other, and tcgml, ■ilso, 
to the shortest distance between the fvo lines But since the 
line IS parallel to the plane, its pinjection on the phne i=. 
parallel to itaclf , and as the given lines are not parallel, thi-i 
piojottioti will inter'icct the line through which tha parallel 
plane is diawn Ti piojetttng perpendiculm uhich passes 
thtotfgh this point of tntei section, ts perpendtciila] to the trio 
given lines, and \s, therefore, the line sougltt 

PI. 5. Fig 3 Let AB be the ground Imp, (DG, D G ) r re 
ot the given lines, antt (CB, CB) the other. 

Through the line (DG, D'G') let a plane be drawn parallel 
to (BC, B'C) ; AD and AG' are its traces. 

It is now required to project the line (CB, CB') on this plane. 
From any point of the line, as (C,C'),draw a perpendicular to 
the plane (5^2) ; this perpendicaiar pierces the plane in the 
point i¥,F') ; and this is one point of the projection of the line 
on the parallel plane (AB, AG'). But since the trace of the 
projecting plane on the parallel plane and the line (CB, CB') 
arc paraliei, their projections are parallel (30) ; therefore FO, 
drawn parallel to CB, is the horizontal projection of this trace. 
But, as this trace and the line (DG, D'G') intersect, the point 
O, in which their horizontal projections intersect, is the hori- 
zontal projection of their point of interse^ion, and 0' is the 
vertical projection of the same point. If at the point (0,0') 
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KEOIIT LINK AND PI^NE, Sij 

a perpendicular be drawn to the parallel plane (AD, AG'), it 
will be contained in the plane which projects the line (CB, Cii'} 
on the plane, and wiil consequently intei sect the line (CB, CB') 
This perpendicular to the oblique plane at (0,0') is perpeii- 
dfcular Iq, and intersects, both of tiic given lines ; and iCa 
projections OP, O'P' are respectively perpendicular to the 
traces of the ob ique plane (AD, AG'). The length of the line 
(OP, O'P') can be found as in Prob. 2. 

§ 61. The soktioDS of the foregoing problems may be varied, 
by clianging the positions of the given parts ; and in some cases, 
the cofistruciions will be quite different from those which ha\-e 
been given. 

A\[ tlie principles necessary to solve any problem involving 
t!ie right line and plane, have, however, been developed, 
and the student who would be skilful in the application of 
these principles, must apply them' to a gi-eat \-ariety of cases. 
A few examples are given, to show how the data of the problems 
may 6c varied, and to lead the student to propose cases to 
himself 

i°. In Problem 111. let the points be so situated that a line 
joining two of them shall be parallel to the ground line. 

3". In Problem IV, let the oblique plane be parallel to the 
grouiid Jine. 

3". In Problem V. suppose one of the linos to be parallel to 
the ground line. 

4'', lii Problem VI. let the planes be parallel to the ground 

5'. In ProWem VIII. suppose the line parable! to tht gi-onnd 
6'. In Problem X. let the plane be taken parallel to the grotj nd 

7°. la Problem XII. suppose the line parallel to the horizonta, 
plane. 

8^. In Problem Sllljet the planes be parallel to the ground 
iiiie. 

9'. In Problem XIV. snpfjose the plane to be oarallel to iho 
(iround line. 
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36 BESCRlFTIVir GEOMETRi". 

10°. In Problem XV, let the line through which the plane m. 
drawn be parallel to the gi-oiind line. 

11°. In Problem XVI, suppose one of the Jineatobe parallel 
to l!ie ground line, 

12^. Let it be required to drawaplane thi'ougiia given poin!, 
I'lici poiallslto a given plane. 



CHAPTER III. 

OF UKea AND TllEIll TANGENTS. 

§ fi3. For the purposes of Descrsptive Geonietrj% lines rnay 
De divided into three classes, 

1". The right line, which ijoea not change its direction be- 
tween any of its points. 

9^, Curved lines whose points are in the same plane, whiclt 
arc called curves of single curvature, 

3°, Curved lines whose points are not in the same plane, 
which are called curves of dcvhle curvature. 

§ 63. Linea maybe generated by the motion of points: the 
conditions which govern this motion fix their diiferent posi- 
tions, and determine the class to which the lines generated 
belong. 

PI. 6. Fig, I. Suppose, for esample, that a point should 
move from C, wiih the conditions of continuing in the plane of 
the paper, and at the same distance from the line AB ; it would 
evidently generate a right line, passing through C, ami pai-allel 
toAB. 

PI. G. Fig, 2. If a point move from E, with the conditions 
that it shall not depart from the plane of the paper, and be 
constantly at the same distance from a fixed point A, it will 
generate the circumference of a circle, a curve of single cur- 
valure. If the point were subjected to the first cond it bn only 
it would still generate a curve of single curvature, unless th« 
point were to move in a right line. If the point B were siU> 
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UNES AND THlilK TANQEKTS. tiT 

jected Id the second condition, to the exclusion of the iir?t, it 
would generate a curve of double curvature. whi<Ji would lie 
on the surface of a sphere whose centre is A, and rudiiis AB. 
Other curves, both ofsingle and double cui^vuture, may be gene- 
rated, by changcng the conditions which fix the different pt>si- 
lions of the generating point. The generating point is called 
alie generatrix of iiie Ime." 

' Note. — If .two poiuts A anci B (Pi. 6. Fig. 6) be Ijiloinm the plane of the papor^ 
ajid a point H be jnovei) iiround them, with the condllions that it shall not Jepiurt 
from the plane af the pstper, asd that AH-l-BU be equal to a,coiuitant quantity, 
tha pnint H will deBccibe a curve caliod an cUipai. The fixed points A m.ti B 
are calletl^^i::. The line DAB£, pasdiig throu^ tlie fod, is called the traiie 
eerse au's, anJ its extrenuties D anil E the vertices of tbe aiis. The point 0, 
ibe inicItilB of DE, ia called die tsTilre of the ellipse, mul CO pcipendicuiar to 
DE at tba point C, the scmi-coitjugatc or icKi-Jesscr axis. 

To describe tiie curve mediBnicaily, fijt the two extremities of a tlirbod, whose 
icojTlh is greabar than AB, at the pmnts A and B, Bear a pin close against the 
lliread, and carry it rotmd, ita point will clcsoribe Ike ellipse. If the transvcise 
axis DE, and the foci A and B, be given, points of the curve may be found thus: 
iafca any portion of tbe transveree aiis, as DP ; with tliis oistanca as a radi as, 
.and the pomt A as a centre, .deserilie llio area t aiid o ; with the remainjng pait 
EP of the transverse axis, as a radius, and the point B as a centre, desenbe tbe 
arcs q aad s ; the points in wliich these arcs inteEsect those beforB doaeribed are 
points of the cun^. After the arcs l and o are described from the centre A, it 
is most convenient to place l^ didders at B, and describe with the sDme imlius 
the arcs m nndiif and aSer having described the arcs s and 9, from the centre B, 
let tha diffidere be placed at A, and the ajos r and p bo described ; their intersac- 
tions with the arcs m and » are points of Ijie carve. 

When tbe paiut Hcomes into theposition of thepoiat 0, the lines AH and 
BH are equal to each other ; ^d since their sum is equal to the transverse axis 
DE, either of them is equal to the sROM-transverae asis CD. If, therefore, the 
two KKCS he given, the foci see easilj- found. For, take either vertex, as O, of 
the coiijuaavo axis as a centre, atiJ the Hemi-tranBversa asis DO as a radius, 
and dee&rilio the are of a circle, tho points A and B, in which it cuts the trans- 
uerae arffi, are the foci of the ellipne. 

PI, 6. FJ'f. 8. If a rigiit lin« EF, asd n point D, be (alien in l3ie plane of the 
paper, and a point, ao G. be «o inove/1 in thia plane that its distance from D bo 
constantly Bqual to its distance fron. EF, tlwt is, GD equal lo GI', and ID 
equal to IE, tbe point G wili deeeribe n curve, called n pataliolB. The hue EF 
is called the dae-trii of the paralm'.a, this point D thd fonis, the line AD, jier- 
pendieular in the directrix, 'he (iir»r, and tin- point B, in which tiie axis intersect& 
dieeurw, l/«^er(«(p/'Ai"x's- Points ol' 1 ho curve may be found thus ,■ lake 
»,¥ pwiil of the dirceti-i?, as E and draw i;j> tn Hib focus. Draiv afao EI, (lejv 
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§ Q4. PI, 6. Fig. 3. Let EDD' be any curve concave townrda 
AC Through any point, as U, !et a right iine BD' he drawn, 
cutting tiie curve m the points B and 1>'. The generatrix of 
tbe curve, in its difierent positions, occupies all the points be- 
tween B and D'. Let the point D be moved lowards the - 
point B. The chord ED' approaches tiie tangent to the cutw- 
at B, and becomes the tangclit wiiea the point D' occupies the 
tirst position which the generatrix assumes on departing from 
B, towards !)' ; because, iii this position of the point D', no 
point of the curve lies between it and B, conseijaently BIV 
does not intersect the curve, and is therefore tangent to it. In 
thia last position of the point D', which is denoted by D, the 
points B and D are called consecutive points. 

§ 65. If a pokit be taken in a curve of dovble curvature, the 
right line joining this and its consecutive point will be tangent 
to the curve. 

For, the right line is determined in position, since it passes 
through Ivio given points, and does not cut the curve, since no 
part of a curve lies between consecutive points. Arightlineis 
therefore tangent to any line, when itpasses through two conse- 
cutive points of the line. 

§ 66. If a line be tangent to a right line, it coincides wilh it 
throughout, and is the same line. 

5 67. If a line be tangent to a curve of single curvature, it is 



penJicnlar to the dileclrii:, nuil at the i«int D niHhe llie angle EDI equal to the 
angle DEI, the point I, at which tie lines EI and D! interEecl.ia a pointof tlia 
curvB. In the same m.annerany number of points may be foHnti. 

PI . 6. Fig. T. If two points A and D be tetcn in tiie pkne uf tbe paper, 
ond a point C be movcJ, with tfte conditions tbat it contiitae in the plane of (ho 
paper, atid that tiio difference belwepn the distanMa AC and DC bs s constant 
quantity, the point C will dascrilio ii curve j/GC, called an kyperbeU. A curve 
identical with p'GiC can be describe.! arouad tbo point A, hy drawing lines D(^' 
and AC, and makiiig thoir differr:ice eqnat to the same eonsiant quantify. 
These two curves are called opp/i.-'iB hrpcrbolns. The poinla A and D are 
called loci ; the line FB is named l !\e rranBYorso asis ; and the points F and 
B, in which it iiitersccta the cnrveF, iire the Yortices of the axis, or vertices oJ 
the hypcrliolat;^ the point E, tl)o mi :'.I1p of FB, ia the i-^nfrj ; and tha ILm! S'.O, 
perpandiedar to FB, is caPed the wid-em: a/ial' umt 



Hosted by 



Google 



contained in the plane of the curve, since the consecutive points 
through which it passes are in the plane of the curve. 

§ 68. If a right line be tangent to a curve of double curva- 
ture, it makes the same angle with a line, or plane, drawn through 
the point of contact, as the curve makes with the same line, or 
plane. 

§ 69. Two curves arc tangent to each other, when a line tan- 
gent to one, at a common point, is tangent also to the other. 

§ 70. As no pai't of a curve lies between two consecutive 
points, the distance between them, measured on, tlie curve, is 
equal to nothing. Considered then with respect to their distance 
apart, measured on the curve, they are regarded as the same 
point. The line AB, Fig. 3, is then to be considered as tangent 
to the curve BD', at the point E. 



CHAPTER IV. 

Of surfaces — Their generation — Horn they ore represented on 
the planes of projection — Of the projections of curved lines 
and titeir t 



§ 71. Surfaces are generated by hnes moving according to 
some mathematical taw. A line which by its motion generates 
a surface, is called the generatrix ; and the lines of the surface 
which are determined by the different positions of the genera- 
trix, are called elements oi l\i^ surface. 

When the generatrix of a surface begins to move from any 
position, the j?r*( position which it fakes determines an element 
amseczttive with the first position of the generatrix, and the two, 
that is, tlie first and second positions of the generatrix, are called 
consecutive elements. 

§ 7y. Although there is an infinite number of surfaces having 
different properties, yet, for the purposes of Descriptive Geome- 
try, they may be divided into four cliisses. 

V, TiiC plane surface, or plane, which is generated by a right 
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line moving along another right line and continuing parallel to 
itseir. 

y. Suriiices which may be generated by a right line, having 
its consecutive positions in the same plane ; such are called 
tiiigle-curoed surfaces. 

3'. Surfaces which can only be generated by curves ; such 
are called double-curved surfaces. 

4°. Surfaces which may be generated by a right line, when 
the consecutive positions are not in tlie same plane ; such are 
called warped surfaces. 

§ 73. If any carve be taken in space, and an indefinite right 
line be drawn throughany polntof it, and then be moved around 
the cui-ve, constantly touching the curve and parallel to its first 
position ; the surface generated is called a cylindrical surface, 
the moving line the generatrix of the surface, and the curve 
around which it moves the directrix. 

If the directrix of the cylinder were to move along the gene- 
ratrix, parallel to itself, all its points would continue in the sur- 
fiice; hence,a cylindrical surface can begenerated byacurve, 
moving parallel to itself. The cylindrical surface can therefore 
be generated in two ways, and hag two generatrices, a right 
liite and a ciirue ; the directrix of the first generation is the 
generatrix of the second, and reciprocally. If the curve have 
u centre, the right line drawn through it, parallel to the right- 
lined elements, is called the axis of Hie ci/linder. 

§ 74. If through a point, not in the plane of a curve, a right 
line be drawn touching the curve, and be produced indefinitely 
in both directions, if the right line be then moved around the 
curve, continuing to pass through the point, the surface gene- 
rated is called a conic surface, the fised point tiie vertex of 
the cone, and the curved line the directrix. 

That part of the surface which lies below the verteic is called 
the lower nappe, and the part of the surface which ilea above 
the vertes the upper nappe of the cone. Ifthe directrix were 
to move towards the vertex, decreasing according to a certain 
law, or from the vertex, increasing according to a certain law, 
its points VTOuid continue in liie surface of the cone. The sur 
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face of the cone can then be generated by a curve ; it lias there- 
fore two generatrices, a right .ine and curve. If the curve 
have a centre, the line drawn through the centre and vertex 
is called the axis of the surface. The cylinder and cone are 
surfaces of the second class, that is, single-curved surfaces, 

5 75. As the rectilinear generatrices of these surfaces are 
indefinite, the surfaces are also indefinite. When It is necessary 
to consider any finite portions of them, they are intersected by 
planes. The curves formed by the intersection of such planes 
wifh the surfaces, are called bases; the upper plane is named 
the plane of the superior base, and the lower plane the plane 
of the inferior base. 

§ 76. A cylinder, whose rectilinear elements are perpendicular 
to the plane of its inferior base, is called a rigftt cylinder ; and 
if this base be a circle, a HgJU. cylinder mith a circular base. 
Such a cylinder has all its rectilinear elements at the same 
distance from the axis, is the kind of cylinder treated of in 
geometry, and may be generated liy the revolution of a rec- 
tangle about one of its sides. Cylinders are generally named 
from their inferior bases. If the iiifei'ior base be a circle, 
ellipse, hyperbola, or parabola, the cylinder takes the name of 
a cylinder with a circular, elliptical, hyperbolic, or parabolic 
base, and is either right or oblique according as its rectilinear 
elements are perpendicular, or oblique, to the plane of ihe 
base. 

§ 77. A right cone is one whose axis is perpendicular to its 
base. If the base be a circle; such cone is a right cone with 
a circular base ; it can be generated by the revolution of a 
right-angled triangle about one of its legs, and its rectilinear 
elernenls make equal angles with the axis. This is the kind 
of cone treated of in geometry. The cone, like the cylinder, 
takes particular names from its inferior base ; that is, it is a 
cone with a (circular, elliptical, parabolic, or hyperbolic base, 
according as its inferior base is a circle, ellipse, parabola, or 
hyperbola. 

§ IS. We shall consider, al present, those surfaces of the 
tllird elasis wfiich can be generated by the revolution of a curve 
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4i DESCRIPTIVE GEOMETRY. 

of single curvature about an axis in its own plane. Such sur- 
faces are called surfaces of revolution* 

§ 79, Any plane passing through the axis of a suiface of rcvo. 
lution is called a meridian plane, and its intersection with the 
surface a meridian curve. Every plane perpendicular to the 
axis intersects the surface in a circle, since every point of the 
revolving generatrix describes a circle around the axis. I^et the 
curve EBDD' (PI. 6. Fig. 3) be revolved about AC, it will 
generate a surface of revolution. 

If a circle of an indefinitely small radius were moved fropi 
the point E, its radius increasing according to a certain law 
its centre continuing in, and its plane perpendicular to AC, this 
circle will also generate the surface of revolution. A surface 
nfrevolution,therefore,hastwogeneratrices, a meridian cu7'oe, 
and a circle whose plane is perpendicular to the axis of tlt^ 

§ 80. The surfaces generated by the revolution of the circle 
the ellipse, the parabola, and the hyperbola about their axes, are 
called respectively the surface of the sphere, of the ellipsoid 
of the paraboloid, and hyperboloid. The fourth class of sur 
faces is discussed in the Complement. 

§ 8 [ . The projection of a curve on eiOier plane qfptvjection 
is the base of a cylindrical surface passing through Hie curve 
and perpendicular to the plane on which ifie pri^cction is made. 
This cylinder is called the projectijig ajlinder of the curve. 

5 83. A curve of single curvature, whose plane is perpen- 
dicular to either plane of projection, is projected on that plane in 
a right line, since the projecting cylinder becomes the plane 
of the curve. Both projections of a curve of double curvature 
are always curved lines. 

§ 83, Two projections of a curve determine its form and posi- 
tion. For, the projections of a curve are made up of the pro- 



•■ A BQrfaCB of revolution is a surface generaleil by a line movii 
right line OS an axis ; tlie points of tlie moving line describing c 
centres are in the ails, and mliose planes are perpendicular to it. 
{oie proposed to discuss only one variety of this class of surfaces. 
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jectiona of all ita points ; the points are fixed in position wlien 
their projections are known ; and a curve is known in form 
and given in position when ail its points are determined. It is 
plain that this reasoning docs not apply lo ihe case in which the 
curve is of single curvature and its plane perpend iculiir to the 
ground line. 

Pt. 6, Fig. 4. Let AB, A'B' be the projections of a cur\-e. 
If a cylinder perpendicular to the horizontal plane be drawn 
through AB, it will pass through the curve in spaee of which 
AB is the horizontal projectiori. If the cylinder which projects 
the curve on the vertical plane were drawn, its intersection with 
the cylinder that projects the curve on the horizontal plane is 
the curve in space ; but this intersection is given in position, 
since the cylhiders are given ;. hence the two projections of a 
cwve deUrmine it inform and position. 

5 84. A plane is tangent to a surface token -there is at least 
one point common to the plane and surface, through which, if 
any number of planes be dravm, tl)£ sections made in the plane 
will he tangent to ilie sections made in the surface. 

5 85. Two surfaces are tangent to each oih£p lohen all the sec- 
tions of tlie one made by planes passing through a common point 
are respectively tangent to the sections of the other made by the 
same planes ; or, wlten a plane which is tangent to the one, at a 
common point, is also tangent to ttie oilier. 

§ 86. A plane which passes through ilie consecutive rectilmew 
elements of a cylindrical surface is tangent to the surface. For, 
if the cylinder be intersected by any plane, the consecutive 
elements wsil pierce the plane in the curve. in which the plane 
intersects the surface, and in consecutive points of that curve. 
The right line passing through these consecutive points is tan- 
gent to the curve (67) ; but this line is also the intersection of 
the plane of the consecutive elements and the cutting plane ; 
and as the same may be shown for any intersecting plane, it 
follows that the plane of consecutive elements is tangent to the 
cylinder (84). In the same manner it may be shown, that a 
piano passing through the consecutive rectilinear elements of a 
i;Q!u<;5urrace is tangent to the surface. 
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§ 87. As no part of a surface lies between consecit».<vo ele- 
ments, the distance between them, measured on the surface, is 
equal to nothing. The consecutive elements, therefore, con- 
sidered with respect to their distance apart, measured on tlie 
surface, are to be regarded as the same line. The plane of 
consecutive elements is then to be considered as tangent to the 
surface along one element only. 

§ 88. It follows from the definition of a tangent plane (84), 
that all right hnes passing through a point of contact, and tan- 
gent to lines of the surface, are contained in the tangent plane ; 
hence this pSane is the locus, or place, of the right lines tangent 
to all the curves wliich lie on the surface and pass through the 
point of contiict. But two rigtit lines, which intersect, deter- 
mine the position of a plane. If, therefore, through any point 
of a surface two elements be drawn, and, at their point of inter 
section, atangent to each, tlte plane of tliese tangents is tangenl 
to the surface at their point of intersection. 

§ 89. A plane tangent to a surface idtich has rectilinear ele- 
meris will contain titat element which passes through the point 
•if contact. For, if a right line be drawn tangent to this element 
of the surface, it will be a line of the tangent plane (88) ; but 
this tangent is the element itself ; \\e,ni:& a tangent plane always 
contains tile element of the surface passing through the point of 
contact. 

5 90. If a right line be tangent to a curve in space, the projec- 
tions of t/ie line are respectively tangent to the projections of the 
curce, For,ifthroughlhetwoconsecutivepointsoftangencytwo 
linesbedra\vnperpendiculartoeitherp5ane,they will he common 
both to the plane which projects the right line and to the cylin- 
der which projects the curve ; therefore, the plane and cylinder 
will be tangent to each other (86). ■ The lines in which they are 
intersected by either plane of projection are therefore tangent 
to each other (84); but these lines are respectively the pro- 
jections of tlie curve and tangent ; the projections of tangent lines 
are therefore tangent to each other. 

^ 91. Surfaces are represented on the planes of projection 
by the projections of their elements. Tiie horizontal proier> 
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t!on of a single-curved suriace is generally made by projecting 
OH the horizontal plane its inferior base, and the elements of 
contact of two planes tangent to tlie surface and perpendicuiap 
to the horizontal plane. The vertical projection of the suiface 
19 generally determined by projecting oti the vertical plane its 
inferior base, and the elememsofcontact of two planes tangent 
to the surface and perpendicular to the vertical plane, 

§ 93. The horizontal projection of a surface of revolution is 
the intersection by the liorizontal plane of a cylinder perpen- 
dicular to this plane and tangent to the surface. The vertical 
projection is the intersection, by the vertical plane, of a cylin- 
der perpendicular to the plane and tangent to the surface. A 
surface of revolution, having its axis perpendicular to the liori- 
zontal plane, may also be projected by projecting on the hori- 
zontal plane some one of its horizontal sections, and on the 
vertical plane the meridian ciir\e which is parallel to thia 
plane. 



CHAPTER V 

HP TAKRENT rt.\:iES TO SiMfiLr.-CURVHD 
PilOlST.KM SVII. 

To draw a plane tlirovgh a gicen point of a conical surface, 
tangent to the surface. 

§ 93. PI. 6. Fig. 8. Let the circle BFEG in the horizontal 
plane be the base of tlie cone, A the horizontal, and A' the 
vertical projection of the vertex, AL" and A'L"' the projections 
of the axis. The lines AF and AE are the traces of two ptanea 
tangent to the cone and pei'pendicalar to the horizontal plane ; 
ihey are also the projections of the elements of contact of the 
planes and cone ; and AEGF is the horizontal projection of the 
cone (91). The line G'a is the vertical projection of the bast 
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of tlie cone ; A'G', A'a' are the vertical traces of the two planes 
tangent to the cone and perpendicular to the vertical plane ; 
hence, A'G'a' ia the vertical projection of the cone. The part 
FDE of the circumference of the base of the cone h dotted ; 
for, being under the surface, it cannot be seen. Let C be the 
horizontal projection of the point of the surface through vrhich 
the plane is to be drawn. The vertical projection of this point 
cannot be assumed ; for, it being a point of the surface of tht 
cone, its projecting lines must intersect on the surface. If wp 
suppose a line to be drawn perpendicular to the horizontal plane 

ot C, it will pierce the surface of t!ie cone hi two points } and 

these are the only points of the surface which are horizontally 
projected at C. 

Through this perpendicular and the vertex of the cone let o 
plane be drawn ; ACB is its horizontal trace, and the two ele- 
ments in which it intersects the surface of the cone pierce the 
horizontal plane at D and B. T!ie projections of these elements 
on the vertical plane are A'B' and A'l>' ; (and the points C and 
<)", in which these projections intersect the vertical projection of 
tlie perpendicular from C, are the only points of the surface 
which are horizontally projected at C. j 

Let it then be required to draw a plane through the point 
(C.C), and tangent to the surface : the plane will contain the 
element (AC, A'C) passing through this point (89). This 
element pierces the horiaonta! plane at B, which is a point of 
the horizontal trace of the required plane. But the trace must 
be tangent to the base of the cone (84) ; therefore BK, drawn 
tangent to the base of the cone, is the horizontal trace of the 
tangent plane. The element of contact (AB, A'B') pierces the 
vertical plane at L'; and since this is a line ofthe tangent plane, 
L' is a point of its vertical Irac-e : hence KL' is the vertical trace 
of the tangent plane. 

If the point K were not used, the vertical trace could be 
found thus : through any point of the element of contact, as 
(C,C'), let a line be drawn parallel to the horizontal trace of the 
tangent plane ; this line pierces the vertical plane at I, which 
is therefore a point of the vertical trace of tiie tangent plane- 
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The point L' being previously determined, the trac« L'l can 
be drawn. Had it been required to draw the plane through 
(C,C"), its traces would have been constructed iu a Siinihr 
manner. 



PROBLEM XVni. 

To draw a plane through a given point wttliout the surface of a. 
cone, and tangent, to t/te surface. 

§94. Pi. 7. Fig.l. Let AiiGm be the horizontal, and A'C'D 
be the vertical projection of tlie cone, (A.A') its vertex, and 
(EiEO the given point through which the plane is to be drawn. 

As every plane tangent to a cone passes througii the vertex, 
if the points (A,A'), (EiB) be joined by a right line, tliis right 
line (EA, E'A') will be a line of the required plane ; and tiie 
point F, at whicli it pierces the horizontal plane, will be a point 
of the horizontal trace. Two lines can be drawn through tiie 
p int F, tangent to the base of the cone, either of which wil! 
be the horizontal trace of a plane passing through the point 
(EjE"), and tangent to the cone : hence there are two planes 
that can be drawn, either of which will answer the conditions 
of the problem. 

Draw the tangent FG, and produce it to I : FI is the hori- 
zontal trace of one of the tangent planes. The vertical traes 
is determined by drawing through the vertex of the cons, or 
any other point of the elenient of contact, a.line parallel to the 
horizontal trace : the point H, at which this line pierces the 
vertical plane, being joined with I, determines IH, the vertical 
trace. That part of it which is concealed by the vertical pro- 
jection of the cone, is made brtiken (35) The line (AG, A'GI 
is the element ofcontact. 
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I'KOBLEM XIX. 

Tb f&'«wi a plrme 2Mrallel to a given line and tangent to t/'c sur. 
face, of a cone. 

§ 95. Fl. 7. Fig. 2. Let AGO be tlie horizontal, A'C'D' the 
vertictil projection of the cone, and (IH, I'H') ihe given line. 

Through the vertex of the cone let the iine (AE, A'E') be 
drawn parallel to the given line. This parallel is a line of the 
required plane, since the piane must pass through the vortex 
^A,A'), and be parallel to the line (IH, FH}. The poiiit E, at 
which the line (AE, A'E') pierces the horizontal plane, is a 
point of the hoi-izontul trace of the tangent plane, and two tan- 
gent planes can be drawn answering the conditions <if the 
problem, since two Sines can be drawn through E tang.'nt to the 
base of the cone. 

Let either, as the tangent EG, be taken for the horizontaj 
trace of the tiingent plane ; (AG, A'G') is the element of con- 
tact ; and the point N', at which it pierces the vertical piane, is a 
point of the vertical trace. The line (AE, A'E'} being a line oi 
the tangent piane, the point F', at wliich it pierces the vertical 
plane, is a second point of the vertical trace : hence VN' is 
the vertical trace of a plane parallel to (IH, I'H'), and tangent 
to the surface of the cone. If we draw through E the tangent 
EP, it will be the horizontal trace of the second plane which ia 
parallel to the given line (IH, I'H'), and tangent to the surface 
of the cone. The vertical trace of this plane is easily con- 
structed, 

§ 98. This problem becomes impossible when the iine 
(AE, A'E'), which is drawn through the vertex of the cone and 
parallel to the given line, passes within the surface : in this case, 
it \¥ould pierce the base of the cone within the circle CDG. 
If the parallel should become an element of the cone, the 
problem would be possible, but would admit of one solution 
only. 

§ 97. The last three problems would have Ix^en constructed 
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in nearly the same manner, had the surfaces been cylindrical 
instead of conical. Indeed, we may consider the cylinder as 
a coue whose vertex is at an infinite distance from the base ; 
for, if the vertex of a cone be supposed to move from the base, 
the rectilinear elements will make a less and less angle with 
each other ; and when the vortex is removed to an inlinite dis- 
tance, these elements become parallel, and the cone becomes a 
cylinder. 

§ 98. In order to vary the constructions, and to apply the 
principles used in drawing tangent planes to single-curved sur- 
faces, so as to embrace the greatest variety of cases, the posi- 
tions of the cylinders to which tangent planes are to be drawn, 
will be so chosen as to require new applications of the prin- 
ciples which have already been developed. 

PROBLEM XX. 

2*0 draw a plane through a given point of a cylindrical sw face, 
tangent to the suiface, 

§ 99. PI. 7. Fig. 3. Suppose the cylinder to be a right 
cylinder with a circular base, having iis axis parallel to the ground 
line. Let AEFB be the horizontal, and CLGD the vertical 
projection of the cylinder, and I the horizontal projection of the 
point of the surface through which the tangent plane is to be 
drawn. 

If a perpendicular be erected to the horizontal plane at I, it 
will pierce the surface of the cylinder in two points, both of 
which are horizontally projected at I. Through this perpen- 
dicular let a plane MHP be drawn perpendicular to the axis of 
the cylinder. This plane will intersect the surface of the cylinder 
in a cii'cle, and H is the horizontal projection of its centre. 
The two points in which the perpendicular at I intersects this 
circle, are the two points in which it intersects the surface of the 
cylinder. 

Let this plane be revolved about its horizontal trace MP, till 
it coincides with the horizontal plane. The centre of the ciicie. 



Hosted by 



Google 



50 DEscniPTivE GEoaiETRr. 

in which it intersects the surface of the cylinder, falls at H ' : 
with this point as a centre, and a radius equal to the radius of 
the base of the cylinder, describe the circle ENFN'. But IN 
is the revolved posifion of the perpendicular to the horizontal 
plane at I ; therefore N' and N are the revolved positions of 
the two points in which this perpendicular pierces the surface 
of the cylinder- 
Let it be required to draw the tangent plane through the 
upper point, which in its revolved position is at N. Through 
N draw the tangent ONM to the circle NEF ; this tangent is 
the intersection, revolved, of the required tangent plane and 
the piane MP. Let now the plane of the circle ENF be re- 
volved back into its primitive position, the point M remains 
fixed, being in the axis, and the point O describes the arc OO 
in the vertical plane ; the tangent line will, therefore, pierce the 
planes of projection at M and O', which are consequently points 
of the traces of the required plane. But, since the rectilinear 
elements of the cylinder are parallel to the ground line, and the 
plane must be tangent along an element, it follows that the plane 
will be parallel to the ground line. Therefore, the parallels to 
the ground line through M and O' are the traces of the re- 
quired plane. If the piane had been drawn through the point 
{1,1") its traces would have been constructed in a similar 



PROBLEM SXI. 

To draw aplxihe through a given point, without the surface of a 
cylinder, tangent to the surface. 

5100. PI. 7. Fig. 4, Let the axis of the cylinder be parallel 
to the ground line, and the projections of the cylinder as repre- 
sented in the figure ; and let {1,1') be the given point through 
which the plane is to be drawn. 

If through the point (1,1') any plane be drawn intersecting th« 
surface of the cylinder in a curve, and if through the same 
point two lines be drawn tangent to this eurv3, eacli line will 
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he a line of a plane which can be drawn through the point (I,!"). 
and tangent to the cylinder. 

Let AP be the horizontal trace of a plane passing through the 
point (1,1') and perpendicular to the axis of the cylinder; this plane 
will intersect the surfaceof the cylinder in a circle whose centre 
is horizontally projected at p, and vertically prelected at^'. 
Lei this plane be revolved around AP till it coincides with the 
horizontal plane \ {p,p'), the centre of the circle, falls at p", and 
Ihe point (I.I') at I". Describe the circle, and let the tangent 
I"0" be drawn lle-\olving this plane back into its primitive 
position, the point A remduis hxed, being in the a^s , and the 
jjoint B describes the die BB in the vertical plane aljout the 
centre P the tangent to the circJt, theitfore, pietces the 
planes of projection at A and B , v, hich are points of the traces 
of the required tangent plane But the traces are patailel to 
the ground line, therefore, ihe paialkls to the ground line, 
'drawn thiough the points A and B, are the traces ol the re- 
quired ]i] me 

Atler the counfi te^oktion of the plane, the point 0" is 
iiorjEonlally projected at O, and \erticalJv at O the iine'- drawn 
through these points, parallel to the giound hne, are the projec- 
tions of the element of contact. 

Had a second tangent line been drawn through the point J" 
to the circle whose centre is p", it would have been a line of a 
second plane through the given point (1,1'), and tangeM to the 
surface of the cylinder. 

PROBLEM XXII. 

To draw a ptane parallel to a given line, aiid tangent to the 
surface of a cylinder. 

§ 101. PI. 8 Fig I. We shall again use a right cylinder 
with a circular base, and take its axis parallel to the ground 
!ine. Let ABGD and EFG'R be the projections of the cylin- 
der, and (IH, I'H') the given lino to which the plane fs to lio 
parallel. 
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Since a tangent plane to a cylinder is tangent ainng a rectt- 
linear element, it is parallel to the axis. The reijnized plane 
must then be parallel to the axis as well as to the line (IH, I'iV), 
A plane drawn through (IH, I'H'), and pai-allel to the asia 
of the cylinder, is, therefore, parallel to the required tangent 
plane. 

But, since the axis of tlie cylinder is parallel to the ground 
line, the plane parallel to it is also parallel to the ground line ; 
therefore, IT and H'Q', drawn through the points I and H', 
parallel to the ground line, are ihe traces of this plane. If, for 
a moment, we suppose the tangent plane to be drawn, and make 
an intersection by a plane perpendicular to the axis of the 
cylinder, this plane will intersect the cylinder in a circle, the 
tangent plane In a line tangent to tlie circle, ami the parallel 
plane through (IH, I'W), in a line parallel lo that tangent. 

Let MS be the horizontal trace of such a plane, and suppose 
it to be revolved around this trace to coincide with the hori- 
zontal plane. The centre of the circle, in which the cutting 
plane intersects the surface of the cylinder, falls at P, and the 
line of intersection with the paraHel plaife takes the position TQ ; 
now, if the line MFF be drawn parallel lo TQ and tangent to 
the circle, it will represent, in its revolved position, the line 
which would have been cut from tlie tangent plane had th«6 
plane been drawn. The tangent MF is, therefore, a tine of the 
required tangent plane ; M is a point of its horizontal, and F" 
a point of its vertical trace ; and as the traces are parallel to 
the ground line, the parallels drawn through tbeae poinls are the 
traces of the required plane. 

As two lines can be drawn parallel to TQ and tangent to the 
circle whose centre is P, it follows that two planes can be 
drawnparaIleltothe]ine(IH, I'H'), and tangent to the C3'linder. 

§ 103. We cannot, in general, draw a plane through a given 
line, and tangent to a single-curved surface ; for, m the corac 
surface the tangent plane always passes through the vertex, 
and if a plane be drawn through the given line and the vertex 
of the cone, it will, in general, intersect the stirface, though it 
may be tangent to it. If the given line Eontain the verles anti 
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■does not pass whhitt the surface, a plane can alwvys he drawn 
tlimug/i it tangent to the surface oft}ie cone. 

As a tangent plane to a cylindrical surface contaiiiB an element 
of the surface, and as a plane can be drawn through two lines 
only when they intersect, or are parallel, k follows that aplanc 
tannot be drawn through a right line, and tangent to a cylin- 
drical surface, unless tlie line touch tlw surface or le parallel to 
its rectilinear dements. 

§ 103, Tlie skm-tesl distance between tuiolines in space,which 
are not in the saive plajte, is madUy found, hy means of the 
ctjUnder and Us tangent plane. 

PI. 8. Fig. 3. Let (AB, A'B') be one of ihc Ymcs, and (CD, 
C'DO the other. 

Draw a plane through the line (AB, A'B') parallel to the line 
<CD, CD'). This is done by taking a point {B,B') of the line 
^AB, A'B'), asd drawing throi^h it a linfe parallel to (CD, CD') ; 
B'C is ita vertical and EF its iiorizontal projection, and AP is 
she horizontal trace of the parallel plane. If now we suppose 
(CD, CD') to be the axis of a right cyliader with a circular 
base, to which the j^ane just drawn shaU be tangeni, the radius 
of the base will be equal toihe distance between the axis ofihe 
cylinder and tangent plane, which distance is equal to tlie dis- 
lance between the given lises. 

To find the radius <rf the base of this cylinder. Through the 
•axis (CD, CD') let a plane be drawn perpendicular to the hori- 
zontal plajje; its trace IKIG intersects the trace of the para!k;l 
plane at G, and these planes intersect in a Htie, parallel to (CD, 
CD'). Let this plane be revolved around DG till it coincides 
with the horizontal jjJane. Any point of tne axis -of the cylinder 
as (1,1'), falls in a perpendicular to, and at a dlslance from, the 
axis of revolution DG, equal to its heigiit above the horizontal 
plane: making 11" equal to ihis distance, and drawing CI", 
<(eiermii}es the revolved [Kisition of the axis. But the axis ot 
she cylinder, and the line in which the vertical plane intersects 
the parallel plane are paialfei ; they are therefore parallel afler 
revoiiition; hence G I', drawn parallel to CI", is the revolved 
sjDfiilion of this line of intej-section. 
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At the point C let a plane be drawn perpendicular lo tli** 
axis of the cylinder ; its trace CL is perpendicular to CD, liie 
projection of the axis (49). This pSane intersects tlie *ertica! 
plane through the axis of the cylinder in a line perpendicaiar to 
the axis at C. If then CH be drawn perpendicular to CI", ■" 
the revolved axis, it will I'epresent this intersection revolved 
into the horizontal plane ; and H is one point of the inter- 
section of the tangent plane and the plane perpendicular to 
the axis of the cylinder. Let now the plane perpendicular 
to the axis of the cylinder be revolved about its horizontal trace 
LC till it cMncides with the horizontal plane. The point I. is 
one point of the intersection of this plane and the tangent plane, 
and remains fixed ; the point H, which is anotherpewnt, fails at 
H' a distance from C equal to CH, its distance in space : LH' 
is then the inteFseetion of these planes revolved into the hori- 
zontal plane. Let CN bedrawn perpendici^artoLH'; it wKl 
be the revolved position of tlie perpendicular from C to the 
tangent plane, and is therefore the radius of the base of the 
cylinder. Making a counter revolution ol' the plane about LC, 
the point N returns in a perpendicular to the axis ; and NE, 
drawn parallel to CD, is the horizontal projection of the element 
of contact. 

Since (AB, ATS') is a line of the tangent plane, and is not 
parallel to (CD, CD'), it is consequently not parallel to the 
element of contact; it will, therefore, intersect this element; 
and E is the horizontal and E' the vertical prajection of thei- 
intersection. If from this point a line be drawn perpendicular 
to the tangent plane, it will intersect and be perpendicular to 
both the givea Ibies; ED, E'D' are its projections, and ON 'b 
its lengf k 
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TANGENT PLANES. 



CHAPTER VI. 

OP TANCBST PLANES Ti> SURPACIilS OF BEVOLUTIOK. 

TROBLEM XXIir, 

lb diaw a plane tangent to a surface of revolution, at a given 
pomt of tJie surface. 

5 104. Let tlie surface of the paraboloid be tiio surface of 
revolution to whicli the tangent plane is to be drawn. As the 
planes of projection can be assumed at pleasure, let the hori- 
zontal plane be taken perpendicular to the axis of the surface ; 
the vertical plane will then be parallel to it. 

PI. 9. Fig. 1. Let A be Ihe horizontal and gg' the vertical 
projection of the axis ; EHF the circle in which the surface is 
intersected by the horizontal plane ; ET' the vertical projection 
of this circle ; and E'^F' the vertical projection of the meridian 
curve, whose plane is parallel to the vertical plane of pro- 
jection. 

Having made the projections of the surface, let the point C 
be assumed for the horizontal projection of the point at whicli 
the plane is to be drawn tangent. The vertical projection of 
this point cannot be assumed, for its projecting lines must inter- 
sect on the surface. To find it, erect at C a perpendicular to the 
horizontal plane ; the vertical projection of the point in which 
this perpendicular meets the surface is the point required. 
Through this perpendicular draw the meridian plane lA, and 
let it be revolved about the axis of the surface till it becomes 
parallel to the vertical plane. In this revolution, C, the foot 
of the perpendicular, describes the arc CD on Ihe horizontal 
plane, and D'D" is the vertical projection of the perpendicular 
from its revolved position. The meridian curve having become 
parallel to the vertical plane, its vertical projection is the curve 
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F/gF' ; and the point D', in which it intersects the vertical pro- 
jection of the perpendicular, is the revolved position of the point 
at wliich the perpendicular to the horizontal plane at C pierces 
the surface. Making the counter revolution, D returns io the 
arc of a horizontal circle, of which DC is the horizoiWal and 
D'C tilt; vertical projection ; C is, therefore, the vertical pro- 
j^ctioll of the point of the surface of which C is the horizontal 
projection : hence, (CjC) is the point at which the plane is to 
be tangent to the surface. If a line be drawn tangent to the 
meridian curve at the point {C,C'), and a second line be drawn 
tangent at the same point to the horizontal circle passing 
through (CjC), the plane of these two tangents is tangent to 
the surface at the point (C,C') (88), 

If, when the meridian plane ICA is parallel to the vertical 
plane, the iine A'D'L' be drawn tangent to the meridian curve 
at the point D', this line, being in the plane of the curve, re- 
volves back with it, and continues tangent to the curve at ihc 
point D'. In this counter revolution the point A', in which the 
tangent intersects the axis of tlie surface, remains fixed ; and 
when the point {D,D') comes into the position (C.C), A'C'F is 
the vertical and ACI the horizontal projection of the tangent 
line. The line (AC, A'C) being a line of the required plane, 
the point I, in which it pierces the horizontal plane, is a point 
of its horizontal trace. If at (C.C) a right line be drawn tan- 
gent to the horizontal circle passing through this point, it will be 
a horizontal line, and perpendicular to the radius of the hori- 
zontal circle drawn through (C,C') ; therefore its horizontal 
projection CM is perpendicular to AC, the horizontal projection 
of the radius; and its vertical projection CM' is parallel to the 
ground hne (37), Since this line is horizontal, and a line of the 
tangent plane, the horizontal trace of the tangent plane is par- 
allel to it, and, consequently, to its horizontal projection (30). 
The line !N, therefore, drawn through the point I, parallel to 
CM, is the horizontal trace of the required plane. The tan- 
n^ent to the horizontal circle at (C.C) pierces the veitical 
plane at M': hence, Nftl' is the v^-tical trace of the tangent 
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§ 105. We may remark, that the tangent to the horizontal 
circle at (C,C') is perpendicuiar both to the radius passing 
through (CfC) and to t!ie perpendicular demitted from this point 
to the horizontal plane : hence, it is perpendicular to the plane 
of these two lines ; that is, to the meridian plane passing through 
the point (CjC). But the tangent plane contains this tangent 
to tiie horizontal circle ; therefore, it is perpendicular to the 
meridian plane : and as the same may be shown for any posi- 
tion of the point of contact, we conclude that a tangent plane 
to a surf ace of revolution is perpendicular to the meridian plane 
passing through the point of contact. 

§ 106. The construction just made answers for all surfaces 
of revolution, with this slight difference, that the perpendicular 
to the horizontai plane at C may pierce the surface in several 
points. We find the vertical projections of these points by the 
methods already shown : assume either of them for the one at 
which the plane is to be tangent, and make the consti-uction as 
in the last problem, 

§107. Second Solution, Having determined the vertical 
projection of the point, as before, let the meridian plane passing 
through it be revolved about the axit of thr surface till it becomes 
parallel to the vertical plane, md dnw the tingent A'D'L', 
which in this position pierces the horizontal pi me t<t L. Let 
the meridian plane be i-evo!ved ibout ihe axis of the suifuce ; 
the meridian curve generates the suifaee, and the tangent line 
the surface of a cone tangent to the suiiacp of revolution. The 
point (A,A') is the vertex of the cone, and LIQ is its base. 
The curve of contact of the cone and surface is the horizontal 
circle described by the point (D,D') ; for, the point (D,D'), 
throughout the revolution, is common to both tiie surfaces. 

Eveiy plane tangent to this cone will be tangent to the sur- 
face of the paraboloid, and the plane which istangontaionglhe 
element passing through (C,C') will be tangent to the surface 
at the point (C.C). This element pierces the base of the cone 
at I ; IN, tangent to the base of the cone, is the horizontal .race 
of the tangeiit plane ; and NM' is its vertical trace. This IH 
\]ie same plane as before determined. 
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§ 108. If two surfaces (f revdution. hamng a c 
are tangent to each other, tlieir curve of contact is the circuitir 
ference of a circle whose plane is perpendicular to Hw axis. 

For, if a plane be drawn through the common axis, it will inter- 
sect each surface in a meridian curve (79), and these curves will 
be tangent to each other (85), If, then, the plane of these curves 
be revolved around their common axis, each will generate the 
surface to which it belongs ; the point of contact will generate 
the circumference of the circle of contact of the surfaces ; and 
the plane of the circle is perpendicular to the axis, since the 
axis is perpendicular to all the radii. If one of the surfaces of 
revolution be that of a cylinder or cone, similar reasoning would 
show, that the ciirve of contact is the circumference of a circle 
whose plane is perpendicular to tJie common axis. 

§ 109- If through any point in the plane of a circle a line be 
drawn tangent to the circle, and through the same point a line 
be drawn to the centre ; if the plane be then revolved about 
this latter line as an axis, the circumference of the circle will 
generate tiie surface of a sphere, and the tangent line the sur- 
face of a cone which will be tangent to the sphere. The 
elements of the cone, intercepted between the vertex and the 
points in which they touch the sphere, are equal to each other ; 
and the line drawn to the centre of the sphere is the axis of 
the cone. Hence, if any point be taken unthout the surface of 
a sphere, and through iJtis point a system of lines he drnvm tan- 
gentto the sphei-e,ilie>j form the surface of a right cone hamng a 
circular base ; and Uie line draiimfrom the veHex to the centre 
of the sphere is the axis of tlie cone. 

§ 110. It has been shown, that a plane which is passed 
through a given point, without a single-curved surface, and tan- 
gent to the surface, is determined in position. Similar condi- 
tions do not determine the plane when the surface is of double 
curvature. For, through the point, conceive any number of 
planes to be passed intersecting the surface in curves. From 
the assumed point let lines be drawn tangent to the curves ; 
these lines will form the sui-face of a cone tangent to the double- 
curved surface. There mav be an infinite number of planes 
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drawn tangent to this cone, each of which w.ll be tangent to the 
jrface; there(ore,fromanypm7itioiUiout a douMe-curved surface, 
iH infinite number of planes may be drawn tangent to (Ite surface. 
j 111. It has also been sliown, in Chap V that i plane is 
■eterminecl in position when it is drawn par llel t a ^ ven lin^. 
and tangent to a single -curved surface S n lar con i tions do 
not determine the plane when the surtai.c s of ioubie curva- 
tui-e. For, let the siirface be intersected by a ly n imber of 
plimt,s parallel to the given line, and let tangents ix. drawn to 
these curves also parallel to the given 1 ne th s -^j '^tem of par- 
allels forms the surface of a cylinder wl ose r ght 1 ed element's 
are parallel to the given Hue, and this cjl nder stinf,ent tothe 
double- curved surface Every plane tanjent to this cjlinder 
is also tangent to thi, double cuived ^urt v e ind paiallel to the 
given line ; and as an mfinitt, numbei ot planci can be drawn 
tangent to the cvlindei it follows that an infinite number of 
vlanes may be diaum paiallel to a ^loen hne and tangent to a 
double-curved sat face 

§ 112. It has been shown (103), that i plane cannot in 
general, be drawn through i given hne and ang nt to a single . 
curved surface but it is ^h/\Js posbibte t> di m a plane 
through a given line which shill be tangent t i double cuivcd 
surface, provided the line docs not meet the surf ice For, sup 
pose the surface to be circuuiBcribed by a tangent cylinder, 
whose right-lined elements are parallel to the given line. A 
plane can be drawn through the line, and tangent to this 
cylinder (102). But this pkne will also be tangent to the 
double-curved surface : hence, a plane can always be drawn 
through a given line and tangent to a double-curved sii'^laco 



P/tOBLEM XXrV. 

To draw a plane through a given line, and tangent to the surf aim 
of a sphere. 

§ lis. PI. 9. Fig. '2. Let the :entre of the sphere be in Ihe 
ground line at C. and (AB, A'J the lino through which the 
plane is to le drawn. 
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If iiny point of this line be made the vertex of a cone tingent 
to ihe sphere, and a plane be driwn thjough thp Itne ind Im- 
gent to the cone (lOy), the phne so diiwn will bt, tirgent to 
the sphere, and wi!l coDaequentl) be the pi ine required 

Jjct (A,A') be the point chosen tor the vertex of the cone. 
Lot the lines AI ond AL be di iwn tangent to the circle of in- 
tersection of the sphcie and iionsontal plane, join the pomlbl 
and L ■ nd draw AC to the centre of the sphere Thi. hne 
AC bisects the angle lAL, ind is perpendiculoi to IL at (he 
point P. If the horizontal plane be supposed to revolve about 
AC as an asis, the semidrcie N'lN wil! generate the sphere, 
and the right-angled triangle IPA a cone tangent to it; and 
Bince the surfaces have a common axis, the plane of thcii 
circle of contact is perpendicular to that axis ; that is, to the 
horizontal plane, since the axis AC is a line of that plane. The 
line HID' is the horizontal trace of the plane of the circle ol 
contact of the cone and sphere ; and if this plane bo revolved 
Jibout its trace HL till it coincides with the horizontal plane, 
the circle of contact will be represented by the circle IG"L. 

If we (ind the point in which the line (ABtA'D") pierces this 
plane, and from that point draw a line tangent to the circle of 
contact of the cone and sphere, this tangent wi I be the trace, 
on that i iunc, of a plane which will contain the given line, and 
be tangent to the cone. To find this point, produce AB, the 
horizontal projection of the given line, till it meets the tracu at 
D', and erect the indefinite perpendicular D'F in the plane 
HI D' : the line (AB, A'B') will pierce the plane somewhere in this 
perpendicular (37), and therefore the point will be horizonl ally 
projected at D'. Through D' draw the indefinite perpendicular 
DD' to the ground line, and produce A'B', the vertical projec- 
tion of the :!iic, till it meets the perpendicular at E. The point 
E is the vertical projection of the point of which D' is the ^o^- 
Koutal projection (13), and DE is the distance of the point above 
the horizontal plane (14). If, then, D'F be made equal to ED, 
F will be the point in which the lino pierces the plane HID'. 
Tiirough F draw t!ie tangent FG"H to tlie circle IG'L ; it will 
he Ihe trace, on the plane of the cone's base, of a plane contain 
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mg the given line and tangent to the cone. The tangent iinR 
pierces the horizontal plane at H ; and since the tangent plai)« 
passes through the vertex A, AH is its horizontal trace. Tlie 
vertical trace, on the vertical plane of projection, is found bv 
drawing through any point, as (0,00, ^f the line (AB, A'B'), a 
parallel to the horizontal trace ; the point Q', in which it pierces 
the vertical plane, is a point of tlie vertical trace ; and since 
B' is also a point, B'Q' is the vertical trace of tiie tangent plane. 
To find the projections of the point of contact. When the 
plane of the cone's base is revolved into the horizontal plane, 
the point of contact is at G". In the counter revolution, G" 
describes the circumference of a circle whose plane is perpen- 
dicular lo the axis HL ; and when the plane of the cone's base 
becomes perpendicular to the horizontal plane, G is the hori- 
zontal projection of the point of contact. The height of the 
point of contact above the horizontal plane is equal to GG" ; 
drawing through G an indefinite perpendicular to the ground 
line, and making ^G' equal to GG", gives G' for the vertical pro- 
jection of the point of contact. 

As two lines can be drawn from the point F tangent to the 
circle ]G"L, it follows that two planes can be drawn through 
the given line and tangent to the sphere. As it would confuse 
the figure to draw them both, only one is determined ; the other 
is left to be constructed by the student. 

§ 114. Ail lines drawn tangent to a sphere at any point of 
the surface are perpendicular to the radius passing through that 
point : hence, the tangent plane which contains these lines is 
perpendicular to the radius passing through the point of con- 
tact. The projections of the radius drawn through the point 
of contact pass through the projections of this point, and are 
respectively perpendicular to the traces of the tangent plane 
(49). We can verify the construction just made, by drawing 
CG, and examining whether or not it be perpendicular to AH ; 
CG' ought also to be perpendicular to the vert ic3>, trace Q'B. 
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PROBLEM XV. 



3b draw a plane through a given right line and tangent to ike 
surface of a sphere, by means of two canes, 

§ 115. PI. iO. Fig. 1. Let (AB, A'B') be the given line, 
C and C the projections of the centre of the sphere, and the 
circles described around these points as centres, the projec- 
tions of the sphere. 

If any two points of tlie given line be taken as the vertices 
of two eones which are drawn tangent to the sphere, a plane 
tangent to these cones will contain the given line and be tan- 
gent to the sphere. 

First, through the centre of the sphere let the plane B'C be 
drawn parallel to the horizontal plane, and take the point (E,B'), 
in which the given line meets this plane, for the vertex of the 
first cone. Through the centre of the sphere let the plane DC 
he drawn parallel to the vertical plane, and take the point {D,D'), 
in which the given line pierces this plane, for the vertex of the 
second cone. 

If from the point {B,B') "c conceive two hnes to be drawn 
in the horizontal plane B'C, and tangent to the gieat cncle m 
which this plane intersects the sphere the\ will be those right 
lined elements of the tangent cone which hi, m this phne and 
will be horizontally projected m the t'lneent hn^s BE ind EF 
(90). The axis of the cone is hoiizontil ind passes thiough 
the centre of the sphere (109) the plane of the circle of con 
tact being perpendicular to the axis is perpendiculai to the 
Horizontal plane, and FE is its horizontal projection. The axis 
of the cone, whose vertex is (D,D'), is parallel to the vertical 
plane of projection ; and the plane of the circle of contact, being 
perpendicular to the axis, is consequently perpendicular to the 
vertical plane. 

We wish now to draw a tangent plane to these two cones. 
The planes of their bases intersect in a rigiit line, of which EF 
la the horizontal projection and GH the vertical projection (24). 
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The points in which this right line pierces the surface of the 
sphere, are the points in wliich the circumferences of the circles 
of contact of the cones and sphere intersect, and are, therefore, 
common to the surface of the sphere and to the surfaces of 
both cones. If at either of these points a plane be drawn tan- 
gent to the sphere, it will be tangent to both cones, will contain 
the given line, and will therefore be the plane required. 

To find the points in which this Hue of intersection pierces 
the surface of the sphere, it will first be necessary to find tne 
point in which it pierces the horizontal plane E'C, and secondly, 
the point in which it pie rcoa the vertical plane DC. Il pierces the 
horizontal plane B'C in the line in which this plane intersecis 
the plane of the base of the cone whose vertex is (B,B') ; thtit 
is, in the line of which EF is the horizontal projection. It also 
pierces the horizontal plane B'C in its intersection with the 
base of the cone whose vertex is (D.D") ; that is, in a line per- 
pendicular to the vertical plane al a'. The horizontal projec- 
tion of this line isna; therefore, the line in which the base^ of 
the cones intersect, pierces the horizontal plane B'C at the point 
(a,a'). The base of the cone whose vertex is (I),D') intersects 
the vertical plane DC in a line of which GH is the vertical pro- 
jection ; and the base of the cone whose vertex is (B,B') inter- 
sects the same plane in a line of which/ is the horizontal and 
fg' the vertical projection ; therefore, the line of intersection 
of the cones' bases pierces the plane DC in the point {f,g'). 

Let the plane of the base of the cone whose vertex is (R,B') 
be revolved about its intersection with the plane B'C till it be- 
comes parallel to the horizontal plane. The point {«,«'), being 
in the axis, remains fixed ; the point (/,§') falls in a perpendicular 
to EF, and at a distance from/equal io fg', its height above the 
plane B'C. Makingyg- equal tof'g', and drawing agfUgh the 
revolved position of the intersection of the bases of the cones. 
If a circle be described on EF as a diameter, it will be the base 
of the cone whose vertex is (B,B') in its revolved position. The 
intersection of the cones' bases intei-sects this circle in t!ie points 
d" and c" ; these are the revolved positions of the points in 
which it pierces the surface of the sphere. Making the counter 
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revolution about EF, tiie points d" and c" describe arcs of ver- 
tical circles about the axis, and are horizontally projected at d 
and c' Since these points are in tiie base of the cone whose 
vertex is (D,D'), they are vertically projected at the points d' 
and c'. A plane drawn tangent to the sphere, through either 
of the points, will contain (lie given line ; and conversely, a 
plane drawn through either of the points and the given line, will 
be tangent to the sphere. The lines Cc, CV are the pr(jjections 
of the radius of the sphere passing through the point {c,cf). 

But the horizontal trace of the tangent plane must pass through 
A, the point in which the given lino pierces the horizontal 
plane, and be perpendicular to Cc ; therefore AN, drawn per- 
pendicular to Cc, is the horizontal trace of the plane tangent to 
the sphere at the point (c,c'). The point I, at which the given 
hne pierces the vertical plane, is a point of tlie vertical trace ; 
hence IP, drawn perpendicular to CV, is the vertical trace of 
the plane which contains the given line, and touches the sphere 
at the point {cfi"). 

The second plane, which is tangent to the sphere at the [loint 
(d!,!^'), is determined in another way, thus: through the point 
{d,d') let a line be drawn parallel to the given line ; its projec- 
tions are parallel to the projections of the given line (30), and 
it pierces the horizontal plane of projection at the point Q ; AQ 
is therefore the horizontal trace, and !MV the vertical trace of 
the second tangent plane to the sphere which contains the 
given line. The projections of the radius passing through 
the point {d^') should be respectively perpendicular to these 
traces. 

§ 116, If the centre of the sphere were placed in the gi-ound 
line, and the points at which the given luie pierces the planes of 
projection taken for the vertices of the tangent cones, the con- 
struction would not differ materially from the one already 
made. Let the construction be made when the sphei^e has this 
position. 

§ 117. Secondmelhodhf/ivhickt!iepointsofr(ntactmnybede- 
terniined. If through the given line we conceive two planes to 
be passed tangent to the spheru.a plane drawn through the 
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centre of the sphere and perpendicular to these tangent pianes 
will be perpendicular to their intersection ; that is, to the given 
line. The perpendicular plane will also contain the radii drawn 
through the points of contact, will intersect the sphere in a great 
circle, and the tangent planes in two lines tangent to this cii^cle. 
The tangent lines will intersect at the point in which the per- 
pendicular plane is pierced by the intersection of the tangent 
planes ; that is, where it is pierced by the given line. 

If, therefore, through the centre of the sphere a plane be 
passed perpendiculai' to the given line, and the point in which it 
cuts the given line determined, and through this point two 
lines be drawn tangent to the great circle in which the plane 
intersects the sphere, they will be lines of the required tan- 
gent planes ; the points in which they touch the circle are the 
points at which the required planes will be tangent to the 
sphere. 

PI. 10. Fig. 2. Let C and C be the projectionsof the centre 
of a sphere ; (AF, A'F") the given line. First, to draw the plane 
through the centre of the sphere, and find the point at which it 
is pierced by the given line. Since the required plane through 
the centre of the sphere is to be perpendicular to the given line, 
it will be perpendicular to both the projecting planes of the line. 
Through the centre (C,C') let Iwo lines be drawn, one perpen- 
dicular to the plane which projects ihe given line on the hori- 
zontal plane, the other perpendicular to the plane which projects 
the given line on the vertical plane ; these are lines of the re- 
quired plane, and determine its position (20). The two points 
in which they pierce the plane that projects the given line on 
the horizontal plane, determine the intersection of this project- 
ing plane with the plane through the centre of the spheie ; and 
the point in which this intersection meets the given line, is the 
point in which the given line pierces the plane through the 
centre of the sphere. 

The line CD, perpendicular to AD, is the horizontal projec- 
tion of the line drawn through the centre (C.C), and perpen- 
dicular to the plane which projects the given line (AF, A'F') on 
the horizontal plane. The line CD' is the vertical projection of 
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this line, and (D,D') is t!ie point at which it pierces the project- 
ing plane. 

The line drawn through (CjC) perpendicular to the plane 
which projects the line (AF, A'F') on the vertica! plane, being 
parallel to the vertical plane, CE is its horizontal projection, and 
E is the horizontal projection of the point in which it pierces 
the plane wiiich projects the given line (AF, AT") on the hori- 
zontal plane. The vertical projection of this line is found by 
drawing through C the line C'E' perpendicular to A'F" ; the 
point E', in which this projection intersects the perpendicular 
to the ground line through E, is the vcrlical projection of the 
point in which the second line through (C,C') pierces the plane 
which projects the Jine (AF, A'F') on the horizontal plane. 
Therefore D'E' is the vertical projection of the line in which 
the plane drawn through the centre of the sphere intersects the 
projecting plane of the line (AF, A'F'). This intei section 
meets (AF, A'F') in the point (F,F') ; hence {¥,¥') is the point 
at which the plane through the centre of the spheie cuts the 
given line. Let the perpendicular plane be revolved about 
(CD, CD'), its intersection with the horizontal plane pa^^^rg 
through the centre of the sphere, til! it coincides with this 
plane. The circle in which the plane intersects the sphere 
becoming parallel to the horizontal plane, is projected into tho 
circle whose centre is C ; the point (F,F') falls at G ; DG being 
made equal to Y'g", the hypothenuse of a triangle whose b^so 
I^' is equal to DF, From tlie point G drdw the two tangenfs 
GNO" and GL" : O" and L" are the revolved positions of ihe 
points of contact. In the counter revolution of the plane, the 
point N remains fixed, the point 0" describes the arc of a circle 
perpendicular to the axis, the point G returns to the point 
(¥,¥"), FWO is the horizontal projection of the tangent, and O 
is the horizontal projection of the point of contact. The point 
F is verlicallj' projecied at P, and N at N'; hence, F'N'is the 
vertical projection of the tangent line, and O' the vertical pro- 
jection of the point of contact. 

To find the projections of the other point, of contact. As 
fte line Gl." does not intersect, on the paper, the axis DC about 
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which the plane is "evolved, a different construction from the 
one just made becomes necessary. In the line GL" take any 
point, as A", and draw the line DA" ; and note the point S;" in which 
D/t" intersects the line GO". In the counter revolution the 
point k" -describes the arc of a circle perpendicular to CD, and 
Mhea. the revolution is completed, is horizontally projected at h ; 
und since D remains fised, Dkk is the iiorizontal projection of 
the line which passed through 7*" and k" In the counter revo- 
iution the point k" describes the arc of a circle of which k"h 
is the horixontal projection. Hence h is the horizontal pro- 
jection of fi" when it is revolved into its true place ; FAL is 
then the horizontal projection of tlie tangent GL", and L is the 
horizontal projection of the point of contact, 'flic vertical 
pi-ojection of the point of which k is the horizontal, must be 
found in the line O'F', and also in a pespendiciilar from k to t!ie 
ground line ? hence it is at k'. Since the point of which D is 
the horizontal pri^ection is vertically projected at D', Xf'k'k' Is 
the vertical projection of the line of which DItli is the horizontal 
projection. Drawing from h a perpendicular to the ground 
Jine deiermines A', the vertical projection of the point of which 
ft is tlie horizontal projection. The line Vh'\J is therefore the 
vertical projection of the line of which PL is the horizontal 
projection, and L' the vertical projectitm of the point of contact 
determined by the tangent (FL, F'L'). 

I'he methods of constructing the tangent planes after the 
points of contact are found, have already been shown. If the 
centre of the sphere were taken in the ground line, the con- 
struction would be similar in every respect to the one already 
given. 

5 I IS. If we suppose a cylinder, having its axis parallel to the 
given line, to i)e drawn tangent to the sphere, the cur\'e of con- 
tact will be a great circle whose plane is perpendicular to the 
axis cf t! e cyhndcr or g ^en 1 ne It two planes be drawn 
through the grv(,n line ai d tinj^cnt to the cylinder (I()2), they 
will also be Mngent to the sphere The pwnt at which the 
grven hne pierc s the plant, of the cirtle cf contact of the 
eji ndcr and sp! erf is the pomt ficm which the tangent lines 



Hosted by 



Google 



68 i>BaciiiPTivE 

lotbe Iwtseoflhe cylinder Fire drawn; forthiapon^isc 

to the traces, on tlie base of the cyliader, of bold the taagent 

pliuies. If the centre of the sphei-e be m the ground line, the 

conslrucEion is somewhat aireiplified, and the reader wSI find is 

an interesting problem to draw the tar^enl pkines when the 

sphere has this position. Tiie genera! problem, to draw a plane 

through a given line, and tangent to a surface of revolution, h 

solved in the Compieinent. 



CHAPTER VII. 

OF THE WfTEKSECTIONS OP COKTEB SfTHP^CES AMD FI.ANE5 ; OP" 
TANGENT LIKES TO TIIE CBHVES OS' I»TERSECTK»( ', ANB OP 
THE BliVEI.OPMENT OB" SWBFACES ON PEANES, 

§ 1 1&. The intersection of a carved surface by a phine is, ir» 
general, determined by intersecting tlie curved surfiice and plane 
by ausiliary planes, so chosen that the lines in which llicjr 
intersect the sarfaee and plane shall interaect euch other j 
the points in which the right lines cut out of the plane inSerseed 
the curves cut out of the surface, will be point? of the intersec- 
tion of the surface and pkne The ausilwr^ pjanes f^ould be 
so taken as to intersect the i irface in its mosi simple ele 
ments, recoUecting that the right 1 ne is a more sisnple ele- 
ment than the circle, and the ciilIc than either of the eonie 
sections. 

§ 120. A tangent line to the cmTe of rnlerscction of a plane 
and surface is contained in the plane of the curve (67) f it ia 
also contained in the tangent plane lo the Borface at the poinS 
(88) : hence it is the intersection of these pJanes. If therefoie, 
it be re q«i red to draw a line tangent to the curve of intei-section 
of a plane and surface, we have only to draw a plane tangent 
to the surface at tlie point, and deternmie its intersectwm with 
the cutting plane. 
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4 131. A plane being tangent to the surface of a cylinder along 
one of its rectilinear elements (87)., if the cjliiader be rolled on 
this plane, it will continue to be tangent to it, and the consecutive 
right-lined elements will succcKsively come into contact with the 
plane. When it has rolled once over, every element, that is, 
the whole surfaceof the cylinder, will have been in eontacS with 
ahe plane. The portion o( tlie pi me toutheW during the revo- 
lution is equal lo the surface of the cylinder, and is called (he 
developtaent of that suffaix 

§ 133. A plane is tangent lo a cone along a right lined ele- 
ment. If the verte.<f ctf the tone remaiu fised, and tlie cone 
be rdled around 0!i iis tangent pliuie, it's elements will succes- 
sively coincide with the plane, and aftei they shali all have 
coincided, the part of the pi me included between the extrenie 
lines is caHed the devdopment ot the surface of the cone. 

§ 123. If we suppose th^ cylinder and cone to be limited 
t>y planes, the curves in whiirh tliese planes intersect tlie surfaces 
tjecome lines on the deveiopiaents of the surfaces. 

§ 124, Double-carved surfac3s cannot be developed. For, 
as a plane touches a doBb!e-ciir\ ?d sarface in a point, if the 
surface be rolled around on its tangent plane, its successive 
contacts wHl form a line ; hence, the ourface will not develop 
Jtself on a plane. There exists, theref3rs, this Striking dif- 
ference between single-curt'ed surfaces and doable-curved sur- 
faces: ike fm-mercanbe developed on & plane; Ae latter cannot. 
This difference has been made, by some authors, tlie basis of 
classification of curved surfaces ; arranging into one class the 
developable surfaces, and those which ate not dr<i'^hnable 
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PROBLEM XXYI. 



To find the mfersecliun of a plane whh the surface of a rieki 
cylinder having a di-culuv base ; to draw a tangent line ta 
t/iis curve at any point ; to find the suroe and its tangeM m 
their own plane ; and to develop the m/lindncal surface, 

§ 125. PI. U. Fig. 1. Let the horizontal plane he taken 
perpendicular to the axis of the cylinder, and the vertical plane 
of projection at right angles to the ousting plane. ■ Tlie cii'cle 
A^'B/" is the horizontal projection of the cylinder ; E'A'B'&' is 
its vertical projection, and (DE, DE') is the intereecting plane. 

Let the surface of the cylinder and the cutting plane be inter- 
sected by a system of auxiliai-y planes parallel to the axis of the 
cylinder, and perpendicular to the vertical plane : FC, a i,fg, 
ond k h are the horizontal traces of such planes. These planes in- 
tersect the plane (DE, DE') in lines which are perpendieukr to 
the vertical plane at the points D', d', &c. ; the points in which 
these lines intersect the elements cut out of the surface of the 
cylinder are points of the curve of intersection. Since the 
cylinder is a right, one, and the curve sought lies on its surface, 
the curve is horizontally projected into ihe circle A^B/"; but, 
as FC is the horizontal projection of the line which is perpen- 
dicular to ihe vertical plane at D', the points n and C are the 
horizontal projections of two points of the required curve, and 
D' is their vertical projection. The points a, b, f, g, li, and h 
{ire the horizontal projectionsof other points of the curve deter- 
mined in the same manner ; their vertical projections are seen 
by inspecting the figure. Let the plane AB be drawn througii 
the axis of the cylinder and perpendicular to the cutting plane : 
it intersects the cutting plane in a line which divides the curve 
symmetrically ; tbis line, therefore, passes through the centre, 
and is, furthermore, the lon;;est diameter of the curve ; it is 
called the transverse asis, and the points (A,E') and (B,G) in 
■vhich it meets the curve, the vertices of the Eransverse asis. 
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To draw a tangent line to this curve at any point, as (C,l>') 
Pass a plane tangent to the cjhnder along the element con- 
taining the point (C,D ) , the intersection of this tangent plane 
and the cutting phne is the tingent line required (120). The 
line NC is the hoiizontal trace oi the tangent plane ; it is also 
the horizontal prcjcction of the tnngent line, and N'D' is its \er- 
tical pixijection. 

To find the cuive in its own plane Let the plane of the 
curve be revolved around the transverse axis till it becomes 
parallel to the vertical plane ; it will, from this position, be 
projected on the vertical plane in its true dimensions. The ver- 
tices {1J,G) and (A,E') remain fixed, being in the axis ; the points 
(C,D'), (n,D'), {b,d')> {(^4'), &c., continue at their respective dis- 
tances, T>C,J)n,db, and da, from the axis; therefore, making 
n the vertical plane the lines D'C, D'n', d'b', and d'a' respect- 
veSy equal to these lines determines points of the cui-ve. Hav- 
irig found a sufficient number of points, let the curve be de- 
Bcribrd through them ; this curve is the curve of intersection 
of the cylinder and plane. The tangent line to f lie curve at the 
point (C,D') intersects the transverse axis produced at (N,N') ; 
and as this point remains fixed during the revolution, the tan- 
gent line .assumes the position N'C. 

To develop the surface of the cylinder, suppose it to be so 
placed on the plane of the paper that the element (A, A'E'} 
shall have the position AE' {Fig. 1. n) ; the plane of the paper 
will then be tangent to the cylinder along this element. Let 
the cylinder be divided into two equal parts, by a plane passing 
through the element of contact and perpendicular to the plane of 
the paper; and let one half of the cylinder be rolled out to- 
wards B', the other towards B, The base of tiie cylinder being 
perpendicular to the plane of the paper, its circumference will 
be developed into the right line BAB'. From the point A lay 
:jif AA equal to the arc Ak on the base of the cylinder, and at 
the point k erect a perpendicular to BB' equal to the height 
above the horizontal plane of that point of the curve which is 
hon^iontally projected at k. Malting hf equal to the arc kf, 
fa fa, an^an, wB'^^jjB, and laying off on the other side of 
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the point A the distances AA, A^, &c., respectively equal to the 
corresponding arcs on the base of the cylinder, erecting at all 
these points perpendiculars to the line EB', making these per- 
pendiculars equal to their corresponding elements, and drawing 
a curve ihrough their extremities, gives t!ie curve of intersec- 
tion oti the deveh.pment. 

To find the position of the tangent line. When the point 
C comes into the line BB', the clement through C comes into 
the plane of the paper. But tiie plane of thepaperbeing con- 
stantly tangent to the cylinder, the tangent plane through any 
element will coincide with the plane of the paper at the moment 
[iic element comes in contact with it. But the subtangent N"C, 
being perpendicular to the element through C, falls in the line 
BB' when the element through C comes into the plane of the 
paper. But the tangent hne pierces the plane of the base of 
the cylinder at N" ; therefore, laying off CN eejual to CN" 
and drawing NC, determines the tangent line on the develop- 
me tit. 

5 126. If a right line be tangent to a curve in space, and the 
curve be developed on a plane, the line will be tangent to the de- 
veloped curve. For, suppose the surface of a cylinder to be 
passed through the given curve ; the right line being tangent to the 
curve, passes through two consecutive points (65), and the ele- 
ments of the cylinder passing through these points are also con- 
secutive ; when the surface of the cylinder is developed, these 
elements are consecutive lines, their extremities are consecutive 
points of the developed curve, and a right line passing through 
these points is tangent to the curve. But this line occupies the 
position which the tangent line in space assumes, since it passes 
through the two points which fix t!ie position of the tangent in 
space. 

§ 127. The surface of any right cylinder may be developed 
in the same way as we ha^ developed the right cylinder with 
a circular base. For, the plane of the base being perpendicular 
to the tangent plane on which the development is made, the 
base of the surface will be developed into a right line ; and by 
laying off on this right liue parts of the base equal to the dis* 
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tances between the elements, we shall obtain the development 
of the surface. 

5 128. The finding a right line equal to the length of a given 
curve is called tiie rectification of ike carve. In rectifying a 
curve we cannot, of course, take the exact lengths of the small 
arcs, but must use their chords instead of them. The smaller 
the arcs are taken, the nearer will the chords coincide with 
them, and, consequently the nearer will llie right line, which 
is the sum of these small chords, be equal to the length of the 
curve which it is taken to represent. 



PROBLEM XXVn. 

To find the intersection of a plane mtli the surface of a right cane 
having a circular base ; to draw a tangent line to the curve ; 
to find the curve in its own plane; and to develop tfie surface 
of the cone. 

§ 129. PI. 11. Fig. 2. Let (C,C') be ihe vertex of llie cone ; 
FPEI the horizontal projection of the cone ; C'P'Q' its vertical 
projection ; and (AB, AB') the cutting pianc to which the ver- 
tical plane of projection is taken at right angles. 

Let the cone and plane be intersected by a system of planes 
through the vertex and perpendicular to the vertical plane of 
projection : they will intersect the cone in rigSit-lined elements, 
and the cutting plane in right lines; the intersections of these 
latter lines with the elements are points of the curve. Let 
CD be assumed for the vertical trace of one of these planes ; 
DF, perpendicular to the ground line, is its horizontal trace 
(31) ; this trace intersects the circumference of the cone's base 
in the points E and F ; CF and CE are the horizontal projec- 
tions of the elements in which tlie plane intersects the surface 
of the cone, and CD is their vertical projection. The line in 
which the auxiliary plane intei'sects the cutting plane {AB, AB') 
being perpendicular to the vertical plane, s vertically projected 
atf, and fg is its horizontal projection. The points^ and/. 
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in wliich the horizontal projection of this line intersects the hori- 
zontal projections of the elements before ibiind, are the hori- 
zontal projections of two points of the required curve, and^' is 
their vertical projection. The points {n,m'), (m,m'), {G,G'), &c. 
are found in a similar manner. The plane PaCb, perpendicular 
to the cutting plane and containing tlie axis of the cone, deter- 
mines the transverse axis of the curve {ab. a'h') ; the points 
(«,«') and (&,&') are the vertices of the axis. Having deter- 
mined as many points as are necessary, let the curve aghn be 
described through them : this is the horizontal projection of the 
required curve, and fl'6' is its vertical projection. 

To draw a tangent line to the curve at any point, as (G,G'), 
Let a pla e be drawn tangent to the cone along the right-lined 
elene I passing through the point {G,G'). The line Nl, drawn 
taUj^e t o the base of the cone, is the horizontal trace of the 
tangent \ line ; N is one point in which the latter plane inter- 
ec s the cutting plane, and (G,G') is another point : hence NG 
s tl e 1 or zonta! projection of the tangent line, and its vertical 
projection is AB', the vertical trace of the cutting plane. 

To find the curve and tangent in their own plane. Let the 
plane of the curve be revolved about its vertical trace till it 
coincides with the vertical plane : the points of the curve will 
fall at their respective distances from the axis (10) ; that is, the 
distances of their horizontal projections from the ground line 
(13). Drawing through the points b' and a! perpendiculars to 
AB', layingoif b'b" and a'a" respectively equaJ to the distances of 
the points b and a from the ground line, determines the positions 
of the vertices and of the transverse axis afterlhe plane of the 
curve is revolved to coincide with the vertical plane. In the 
same manner the points »',/", g' and m" are determined ; and 
through these points the curve is described. The position of 
the tangent is easily found ; for the point N falls at N', and 
joining this point with G" delermines the tangent line N'G". 

To develop the surface of the cone, and trace on the develop- 
ment the curve in which it is intersected by the plane (AB, 
AB'). Let the development be made on the plane which is 
tangent to the cone along the element (CP, C'P'). 
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the cone to be placed on the plane of the paper, ihe vertex at 
C (Fig. 2. ii), the point (P,P') at P ; the plane of the paper is 
then tangent to the cone along the element (CP, C'P'). Let us 
suppose the cone to be divided by a plane passing through this 
element of contact perpendicular to the plane of the paper, and 
letonehalfof it be developed from PtowardsQ', the other from 
P towards Q. As all points of the circumfereace of the base 
are equidistant from the vertex, they will in the development 
be ecjiiidistant from the point C, and will consequently be 
found in the circumference of a circle described with the centre 
C and radius CP, equal to C'P' the slant height of the cone. 
Let a part of this circle be described. From P lay off PE 
equal to the arc PE of the base of the cone ; also EA'— EA', 
k'k~k'k', ftQ=A'Q; and on the other side of the point P lay 
off PF equal to tlic arc PF of the base of the cone, Fh—F!i, 
hl=h1, IQ'=IQ, Through C and the extremities of these 
ai'cs let lines be drawn ; these lines are the several positions 
which the elements of the cone take on the development of its 
surface. 

To trace the curve. If the distance of each point mf the 
curve from the vertex of the cone be ascertained and laid off 
from the point C, the curve traced through these points will be 
the curve required. On the element CP lay off C«=CV ; on 
CF, C/=CV; on CA, C«=C>; on CI, CG=C'q; on CQ', 
C&=C6' ; lay off equal distances on the corresponding elements 
on the other side of CP; the curve i!tGn6, drawn through these 
points, is the curve sought. 

To iind the position of the tangent line, The line IN (Fig. 2> 
13 perpendicular to the element of the cone passing through 
(G,G') ; and when this element takes the position CGI (Fig. 
2. /() on the development of the surface, the tangent plane 
becomes the plane of the paper, and the line IN (Fig. 3) pre- 
serving its position with CI, is tangent to the curve Q'PQ ; 
hence, if we make NI=NI, and join N and G, GN will be the 
tangent line. 

{ 130. The curves descrited in the note to Art. 63, ami 
luimed conic sections, can b{ otriained by intersectii^ a right 
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fone with a circul ir bise by planes having different positions 
V, ith Its dements If the cutting plane be oblique to the piano 
of the bast but mteisect all the elements on the same nappe, 
as in the last eximple the curve will be an ell'p e If I e 
plane he parallel to one of the elements, the cu ve of n e ec 
tion IS a parabola If it make a greater angle I he plane 
of the base ih in the elements of the cone make h 1 e ba o 
il will intersect both nappes of the surface, and I r\es e 
opposite h\ peril kb Jo prove that these u h he 
same ptopeities as those described in the note to Art. 63 
hekngs nthei ti Conic Sections than to Descriptive Ge- 
on lij 

PROBLEM XXVIII. 

To find the intersection of a plane with the surface of a cylinder, 
tlw plane and cylinder liamng any position with each other 
and loiih tlw planes of projectiim ; to draw a tangent line to 
ilie curoc ; and to find the curve in its own plane. 

§ 131. PI. 19. Fig. I. Let the ellipse BGDC be the base 
of the cylinder. Let ABCDE be the horizontal projection of 
the cylinder, and A'C'B"E' its vertical projection, and (DF, DF') 
tlie cutting plane. 

If the cylinder be intersected by a system of auxiliary planes 
parallel to the axis, they will intersect the surface of the cylinder 
in right-lined elements, and the cutting plane in right lines ; 
t!ie points in which these lines intersect are points of the re- 
quired curve. To render the construction as sinlpie as possible, 
let the auxiliary planes be taken perpendicular to the horizontal 
plane. Let F"n" be the horizontal trace and F'F" the vertical 
trace of one of these planes; Vf is the vertical projection of 
its intersection with the cutting plane (DF, DF'). But the 
right-lined elements in which this auxiliary plane intersects the 
surface of the cylinder pierce the horizontal plane at h and g : 
projecting these points on the vertical plane at h' and ff", and 
drawing through h' and g' parallels to the vertical projection 
oH\ie axis of the cylinder determ'^es the vertical projections 
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of these elements ; the points n', h', in whicli they intersect the 
line F'f, are the vertical projections, and n and k the horizontal 
projections of the two points of the required curve which are 
determined by the vertical auxiliary plane F"n". If another 
auxiliary plane, as o"C, be passed, it will intersect tlie cutting 
plane (DF, DFO in a line parallel to {F"f, Vf) ; the vertical 
projection of this intersection is, therefore, parallel to ¥'f' ; and 
the same for all intersections determined by vertical auxiliary 
planes. The points {ofi"), (p.,m') arc determined by the plane 
o"C. 

The part of the curve which is made full in horizontal pro- 
jection, is the part which lies above the elements of contact of 
the tangent planes which are perpendicular to the horizontai 
plane; and the part of the curve which is made full in vertical 
projection, is the part which lies on the suriace of the cylindei 
in front of the elements of contact of tlie tangent planes which 
are perpendicular to the vertical plane. The points at whicli 
the full part of the curve terminates and the dotted part begins, 
in either projection, are readily found by drawing auxiliary 
planes through the elements of the surface which contain 
these points. The points (0,0') and (j>.j>') are determined by 
di'awing auxiliary planes through the elements (Co", C'A') 
and (BA, B'l). 

To draw a tangent line to the curve at any point, as {m,m'). 
Draw a tangent plane to the cylinder along the element passing 
through the point (m,m') ; liG is its horizontal trace, and Hn» 
the horizontal projection of its intersection with the cutting 
plane (DF, DF'), and consequently, the horizontal prtgectioR 
of the tangent line to the curve at the point {m,m') (120). 
The line il'm' is the vertical projection of this tangent, and 
both its projections are respectively tangent to the prrijections 
of the curve. 

To find the curve and its tangent in their ovm plane. Let the 
plane of the curve be revolved about its horizontal trace DF till it 
coincideswiththehorizontal plane; find where the differenlpoints 
of the curve fall, and thecui-ve described through these points 
will be the curve in its own j>lane. In the example we are 
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considering, the trace FD is perpendicular to the horizontal pro- 
jection of the axis of the cylinder ; so that, after the revolution 
of the cutting plane, the points of the curve will be fouiid in 
the traces of the auxiliary planes. The point (Ji,n'), for ex- 
ample, is found at n", a distance from the point /'equal to the 
hypothcnuse of a triangle whose base is fit, and whose perpen- 
dicular is equal to the altitude of the point above the horizontal 
plane. The point {hji') is found at k", the point [in,m') at m'\ 
and so for other points. The point H of the tangent line re- 
mains fixed, being in the axis ; Hm" is the revolved position 
of the tangent line. 

If the trace DF were not perpendicular to the horizontal 
projections of the elements of the cylinder, we could determine 
the curve in its own plane thus ; find the position of the point 
{F",F) after the cutting plane shall have been revolved to coin- 
cide with the horizontal plane, and join this point with the point 
f; this line would be the revolved position of the intersection 
of one of the auxiliai-y planes with the cutting plane ; and since 
all such intersections are parallel, they will be parallel after 
they are revolved. Take any one of the points, as 5, in which 
the trace of an auxiliary plane intersects the trace of the cut- 
ting plane j through this point draw a parallel to the revolved 
position of the intersection of the auxiliary and cutting plane 
which passes through the point/; from o and m let perpen 
diculars be drawn to the trace FD : the points in which they 
intersect the line through q are the points of the curve in itf 
o,v„ plane. 

If it were required to develop the surface of this cylinder 
it would be necessary, first, to intersect it by a plane perpen- 
dicular to the axis.; a right cylinder would thus be formed 
the surface of which could be developed as in Art. 195 ; and 
any curve resulting from the intersection of a plane with the 
surface of the cylinder could be traced on the development, aa 
in Prob. 3G. 
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PROBLEM XXIX. 



Th find the intersection of a plane with the surface of a cone, the 
plane and cone Jiavtng any position vnUi each other and iiith 
the planes of projection ; to draw a tofiigent line to Hie cwve : 
and to find the curve in its own plane, 

§ 133. PI. 13. Fig. 2. Let V6CA be the horizontal aiul 
V'C'B' the vertical projection of the cone, and (DI,DE) the cut- 
ting plane. 

If the cone be intersected by a system of planes through its 
vertex, these planes will intersect the surface in right-linerl 
elements, and the cutting plane in right lines; the points in 
which these lines intersect the elements are pointsof the required 
curve. We will take the system ol planes through the vertex 
perpendicular to the horizontal plane ; all the planes will then in- 
tersect each other in a line perpendicular to the horizontal plane ; 
and the point in which this line pierces the cutting plane 
(DI, DE) is a point common to the traces of all the auxiliary 
planes on this intersecting plane. To iind this point. The 
projecting line of the vertex (V,V') pierces the cutting plane 
(DI, DE) in a point of which V is the horizontal projection : 
the vertical projection of the point is V" (43) : hence {V,V") 
is the point through which the traces of the auxiliary planes 
pass. Take VF for the horizontal trace of one of the auxiliary 
planes ; the elements in which it intersects the surface of the 
cone, as well as the line in which it intersects the plane (DI, 
DE), are horizontally projected into the trace VF ; V'C, Y'q' 
are the vertical projections of the elements, and V"F' is the ver- 
tical projection of the intersection of the planes ; hence f and d' 
are the vertical projections, and^and d the horizontal projections 
of the points in which the intersection of the planes meets the ele- 
ments of the cone : hence (ff) and (d,d') are two points of the 
curve. By taking any other plane, the points of the curve which 
it would determine are ^ound in the same manner The points 
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a and c, where the part of the curve which is made full in hon- 
zontal projection joins the part which is dotted, are constructed 
as in the cylinder, by taking auxiliary planes tangent to the 
surface. The part of the cui-ve which is to be made full in 
the vertical projection is limited by the elements (VC, VC) 
and (VB.V'B') ; the points/' and g' are determined by the aux- 
iliary planes through these elements. The portion of the curve 
which lies on tiie front part of the cone is made full, the other 
dotted. 

To draw a tangent line to any point of the curve, as (A,/*'). 
Draw a tangent plane to the cone along the elemf^nt passing 
through this point : \k is its horizontal trace, and \h is the hori- 
zontal projection of its intersection with the culting plane ; for, 
I is the point in which the traces of the planes intersect, and 
boih the planes pass through the point (A^/). The vertical pro- 
jection of the tangent is found by projecting the point 1 into the 
vertical plane at I' and drawmg I'A'. 

To find the curve in its own plane. Let the plane o!" ihe 
cu be ol d und ts horizontal trace DI till it coincides 
wi i 1 e 1 n 1 1 1 n The point (V,V") falls at v ; and, 
as le on f I auxiliary planes and the plane (DI, 

])E) pa 1 I I I o nt (V,V"), they will, when i-evolved, 
pa I ogl h p n But the points in which the intersec- 
tions meet the trace DI remain fixed ; therefore, the revolved 
positions of these intersections are easily drawn. The line Fv 
is the revolved position of the intersection of the plane (DI, DE) 
and the auxiliary plane VF, But as tiie pointsoif the cur\'e 
revolve in planes perpendicular to the axis of revolution {1 1), the 
intersections/" and <i", of the perpendiculars//" and (?(i"with 
the line Fv, are points of the curve when its plane is revolved 
to coincide with the horizontal plane. The points //', c", g' . 
and a" are determined in the same manner. The line \H' is the 
pusition of the tangent line when the plane of the curve is re- 
volved to coincide with the horizontal plane. 

% 133. These points might also be determined by the general 
method of finding the hypothenuse of a triangle whose base in 
the distance from the horizontal projection of the point to the 
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asis, and perpendicular, the altitude of the point above the hori- 
zontal plane, and then laying off these several distances from 
the axis on the perpendiculars drawn through the horizontal 
projections of the several points, 

§ 134. The surface of this cone cannot be developed by the 
method used in Prob. 27 to develop the surface of a right cone 
with a circular base. For the lengths of the elements, meas- 
ured from the vertex to the base, are unequal : hence, the 
curve of the base traced on the development will not be a circle ; 
therefore, the positions of the different elements cannot be de- 
tej-mined as in Prob, 97. The manner of making this develop- 
ment will be shown hereafter. 



PROBLEM XXX. 

To find tite intersection of a plane and surface of revolution ; to 
draw a tangent line to the curve ; and to find the curve in its 
own jtlajw. 

5 135. Fl. iS. Let the surface to be intersected be the sur- 
face of an ellipsoid. Let the horizontal plane of projection be 
taken perpendicular to the axis ; let A be its horizontal and A'B 
its vertical projection. The circle whose centre is A and radius 
Ag- is the horizontal projection of the surface, the ellipse 
A'F'BG is its vertical projection, and (CD, CC) is the cutting 
plane. 

If a system of horizontal planes be drawn, Jhey ■will intersect 
the surface in horizontal circles ; and the cutting plane (CD, 
CD/ in lines parallel to its horizontal trace (i the points in which 
these lines and circles intersect are points of the required 
curve. 

The transverse axis of any curve resulting from the intersec- 
tion of a plane and surface of revolution is the line of intersec- 
tion of the cutting plane, and tlie meridian plane perpendicular 
to it ; the points in which this line pierces the surface ai'e the 
vertices of the transverse axis, or vertices of the curve. First, 
to find the axis and vertices. The line AE, drawn at right 
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angles to CD, is the horizontal trace of the meridian plane per- 
pendicular to the cutting plane. The intersection of these two 
planes pierces the horizontal plane at E, and intersects the 
axis of the surface at the point in which the axis pierces the 
cutting plane (CD, CD) ; that is, at the point of which A' is 
the vertical projection (43) : therefore, E'A'' is the vertica pro- 
jection of the intersection of the planes ; the horizontal projec- 
tion is the trace AE, To find the points in which this line inter- 
sects the surface, let the meridian plane AE he revolved about 
the axis of the surface till it becomes parallel to the vertical 
plane. The meridian section of the surface is, from this posi- 
tion, projected on the vertical plane into the ellipse AT'BG, 
and the line of intersection of the planes into the line E"A" ; 
for, the point (A,A"), being in the axis, remains fixed, and the 
point E describes in the horizontal plane the arc EE', and E" is 
llie vertical projection of E'. In this position the line of inter- 
section pierces the meridian cui-vc at/'" and d'" ; in the counter 
revolution these points describe arcs of horizontal circles about 
the axis of the surface ; and when the meridian plane takes its 
primitive position, are vertically projected at/' and d', and 
horizontally pi ejected at/ and d. Therefore (/,/) and {d,d') 
are the ■veitices of the curve, and (fd,fd') its transverse axis. 
To find clhfi points of the curve, intersect by horizontal 
planes, and let FG be the vertical trace of one of them. Since 
ihecncle in which this plane intersects the surface is horizontal, 
its horizontal piojection is an equal circle ; and as its centre is 
in the axis of the surface, A is its horizontal prcyection. The 
point F' IS horizontally projected at F : hence AF is the hori- 
Eontal projection of the radius, with which let the circle be 
described about the centre A. The tine in which the plane 
F'G intei-sects the plane (CD, CDO pierces the vertica! plane 
at H', and is paralie! to the horizontal trace CD ; therefore its 
horizontal projection Hni is parallel to the horizontal trace CD. 
But this horizontal projection intersects the horizontal pro- 
jection of the circle in the points n and m ; n and m are, there- 
fore, two points of the horizontal projection of the curve ; and 
n', m' are Iheir vertical projections. In the same manner any 
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suraber of points may be found. If it were required to tind 
the points in which the curve intersects, on the surface of the 
ellipsoid, the circle whose plane passes through the centre, 
take the plane of this circle as an auxiliary plane ; it determines 
the points (g,^) and {p,p% the horizontal projection of the curve 
is tangent to the horizontal projection of the surface at the 
points g and p The part of the curv-e which lies above the 
horizoiital plane through the centre of the ellipsoid is made full 
in horizontal projection ; the part which lies below it is dotted. 
The points in which the curve determined by the plane (CD, 
CD") intersects the meridian curve parallel to the vertical plane, 
Bu^ boriaontally prejected at t and h, and vertically at i' and b' ; 
the vertical projection of the surface is tangent to the vertioa! 
projection of (he curve at the points i' and h'. The part of 
ihe curve which lies in front of the meridian plane is made 
full in vertical prfijectlon ; the part which lies behind it is 
dotted. 

To dniw a tangent l-ine to the cyrve at any point, as (m,m'). 
Lei the surface be circumscribed by a tangent cone whose ver- 
tex shall be in the axis of the surface, and whose contact with 
the surface shall be the horizontal circle containing the point 
im,m'). The line F'G is the vertical projection of this circle. 
A plane tangeut to the cone along the element passing through 
tiie point (m,m') wiil be tangent to the ellipsoid at this point, 
und its intersection with the cutting plane is the tangent re- 
r|uired. The tangent line to the ellipse A'F'BG at the point F' 
is the element of the cone which is parallel to the vertical plane; 
it pierces the horizontal plane afN ; and a cii-cle described with 
A us a centre, and radius AN, is the intersection of the cone and 
horizontal plane. The element of the cone passing through {m^') 
pierces the horizontal plane at M, and PM is the horizontal 
trace of the tangent plane. This plane intersects the plane 
(CD, CD') in the line (Pm, Pm'), which is therefore the tan- 
gent line sought. 

To find the curve in its own plane. Let the plane be re- 
volved about its veitical trace CD' till it coincides with the ver- 
tical plane ; the points will fall at their respective distarces 



Hosted by 



Google 



84 BKSCRIPTIVE eEOMETItS", 

from the axis. To find the posilion of the horizonia! trace ol 
the plane of ttie curve, aa also that (rf the tangent line, after the 
plane is revolted to coincide witb the vertical plane, take any 
point of the horizontal Srace, as P, and project it into the ground 
line at P'. Throi^h tlie point P' di-aw a perpendicular h> WC 
produced j with C as a cetrtre, and radius CP, describe the arc 
FP" ; CP" is the revolved position of the trace CD. For, the 
point (PfPO* I'evoives in a pkne perpendicular 60 the axis D'C, 
and continues at tlic sasire distance from the point C ; therefore 
it must befound, after the reFoiirtion, in the perpendicular S"P"^ 
and als» in the arc PP", and consequently at P". The line 
P"m" is the poaitiou of tiie tangent line in the plane of tiw' 



CHAPTER VIII. 



! INTERSECTEOWS ( 



5 136, Tin: general method of determirang the lines in whicK 
surfaces intersect, is to intersect them by auxiliary sirfaces ; 
these aujialiary surfaces intersect the given surfiices in lines ; 
the points in which these lines inlersBct are points of the inter- 
sections of the given surfaces. The auxiliary surfaces should 
he of that class, and so chosen in position, thai the.simplest iines 
of section may be determined on the given surfaces ;■ else a 
plain and simple problem Hilght be rendered complex and dif 
ficult. 

§ 12.1, A line is, in general, dravrn tangent to the intersec- 
tion of two surfaces at any point, by drawing two planes through) 
the point, respectively tangent to the surfaces j the intersectiras 
of these pknes is the tangent line. 
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PROBLEM XXXr. 



3*0 pMd tJte intersection of the surfaces of tim cylinders, and to 
draw a tangent line to t/te curve. 

§ 138. PI. 14. Let(CA',C'D) be the nsis of om cylimler, 
(AB, A'B') liie axis of the other. The manner of making their 
projeetiuns having already been explained, we will suppose 
thena constructed as in tlie figure. 

If throagh the axis of one cylia<^er a plaae be passed pca-allel 
to the axis of the other, such plane wi!l, if it eat the other 
cylinder, intereect the surfaces <*f both cylinders in right lines, 
since it is parallel to their reelilinear elements ; aiid all planes 
(parallel to it, if they iHtersect the surPice? of the cylinders, will 
also iatersect their, in right-lined elements. 

Draw <i i^ane through the axis (CA'', CI^ parallel to the 
.axis <AB, A'W) <5S) : CE is the horisontal trace of this plane; 
its vertical tra«e could be easily found, birt is not used in the 
constractioH. A.S thg syKtcm of auxiiiary planes ia to be paraJlcl 
So this plane, their traces will be parallel to CE. The piane 
whose trace is ECS iutersec-ts the cylinder whose axis is (AB, 
A'B') in two elemeEts which pierce tbe horizoiaa! plane at V 
and T; it intersects the cylinder whose asis is (CA', CD) in 
two eleRaents which pierce the horisontal j^ane at M and X. 
Since these four elements are m the same plane, and are not 
parallel, they intersect each other; that is, each element of one 
cylinder iatersocts both element-s of the other cylinder. The 
tiorizoiSul projections of these elements are respectively parai- 
ielto the horizoBtal prc^ectionsof the aiescrf" the cylinders, and 
(the point-s ^, d, p, aad (j, in which they intersect, are the hori- 
zontal projectioHS of four poiiits of the required curve. The 
vertical jyrojeetions i', iV, p', aisd </' are found either by project- 
ing the elements of both cylinders on the vertiMl plane and 
determining their points of infei (section, or by projecting the 
•iiemeiits uf ojie cyhiider only aiid determining the points in 
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which these projections intersect the perpend iculats to the 
ground line drawn through the points h, d,p, and (/. By draw- 
ing lines parallel to CE, and considenng them as the traces of 
auxiliary planes, any number of points of tlie curve arc found 
in the same manner. Let the auxiliary plane UN be drawn 
tangent to the cylinder whose axis is (AB, A'B') ; it determines 
two points of the curve {/,/') and {g,g'). Through the element 
{fc,f'c') conceive a plane to be drawn taiigent to the cylinder 
whose axis is (CA', CD) ; this'plane intersects the plane RN, 
tangCDt to the other cylinder, in the element {fc.f'(f) : hence, 
this element is tangent to the cui've «if intersection of the two 
cylinders at the point (/,/') (137) ; and the projections of the 
element {cf,df') are respectively tangent to the projections oi 
the curve (90). In the same manner it may be shown, that 
the element (I^, R'g^ is tangent to the curve of inlersection 
of the cylinders, and that its projections Rg^, R'^' are tangent 
to the projections of the curve. If the auxiliary plane FGH 
be drawn tangent to the cylinder whose axis is (CA', CD), it 
is easily proved that the elements {Gz, d'z') and (Ha, H'(/) are 
tangent to the curve of intersection of the cylinders ; and hence 
their projections Ga, Ha, G'z', and H'e' are tangent to the pro- 
jections of the curve. 

The surfaces of these cylinders intersect in one curve only , 
for, when they intersect in two curves the smaller cylinder will 
enter the larger in a curve returning into itself, and leave it in 
a curve also returning into itself. When this is ttie ease, if two 
tangent planes be drawn to the lesser cylinder, parallel to the 
auxiliary secant planes, they will cut the larger cylinder ; duS 
if thej' be drawn to the larger cylinder, they will not intersect 
the smaller. He^ce, if two tangent piemes be drawn to eithei 
cylinder, pnralkt to the auxiliary secant planes, and cme of the?n 
cuts the other cylinder and one daes not cut it, there mil he hui 
xie ctirve of intersection. Bvt when both the tangent planes in- 
tersect l/ic other cylirtder, or when neither of them intersects i% 
iliere villbe two curves. 

As there is some difficulty in tracing this curve, and deter- 
mining what part of its horizontal and what part of its verlLcaS 
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proje'^tlon ought to be made full, and what part of each ought 
to be dotted, we shall examine it a little in detail. We will 
begin at the point («,«'}, and proceed around in the direction 
(?«'). {/i,h'), (f,f), {b,b% (.,;'), {t,x% id,d% (S,g% ip^') and 
(n.n'). First, with respect to the horizontal projection. The 
point {a,a') ia on the upper portion of the surfaces of both 
cylinders. At v the curve passes to the under part of the sur- 
face of the cylinder whose axis ia {CA', CD), thence along 
through the points g, A,/, &, to w; at which point it returns to 
the upper part of the surface. From w it continues on the 
upper surfaces of the cylinders tot; at this point it passes to 
tlie under surface of the cylinder whose axis is (AB, A'B'), and 
continues on the under surface through d and g, to k" : at this 
point it returns to the upper surface, and passes through p, n, 
and a. The points v and u are determined by the auxiliary 
plane through S ; the point (, by the plane through k ; and the 
point k", by the auxiliary plane passing through the element 
whose horizontal pnjection is tangent to the curve at this point. 
The part of the curve between u and t, as well as the part be- 
tween /£"and V, is made fuH ; the remaining portion is dotted (34). 
To trace the verticil projection of the curve. From b' to a 
point near d\ the curve is made full, lying on the front por- 
tion of the surfaces of the two cylinders. At d' (determined 
by the auxiliary plane XE), it passes to the back surface of the 
cylinder whose axis is (CA', C'D) ; at t' it comes to the front 
part of the surfaces of both cylinders, is made full to x, and dotted 
from X to b'. 

To draw a tangent line to the curve at any po t as (//') 
The elements of the cylinders which, bj tl e r tersect on 
determine this point, pierce the horizont I \ kne it P a d a 
PQ and sQ are the horizontal traces of tl e pi nea tange t to 
the cylinders along these elements; the esecto f tl ese 
planes is the tangent line required (137) Q/ 1 orzo tal 

and Q'A' its vertical projection. 
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PROBLEM XXXII. 



To find the intersection of t!ie surfaces of two cones, and io draie 
a tangent line to (lie curve. 

S 133. PI. 15. Let (A,A') and (V.V) be the vertices of the 
cones ; EG«D the base of one cone, and LcXn the base of the 
other. 

If a system of cutting piaoes be drawn through the vertices 
of these cones, each plane will, in general, intersect each cone 
in two right lined elempnta , thp points in which these elements 
intersect are points common to the two sui faces All these 
planes will p'^=(s through the hne joining the vertices of the 
cones : hence, the point in which this line pierces the piano of 
the bases of the cones is a point common to the traces of all 
the auxiliary pljnes Let it be remarked, that the cone whose 
vertex is (V,V') inteisccts the upper ind lower nippes of the 
cono whose vertex is (A, K ) The hne joming the vertices of 
the cones pierces the hoi izontal plane at E , this point is com- 
mon to the traces of all the auxiliary secant planes. 

From B draw the two tangents W> and B€ ,to the base of the 
cone whose vertex is (V.V) ; they are the traces of two planes 
tangent to that cone, and \b, VC are the horizontal projections 
of the elements of contact. The plane whose trace is EISA in- 
tersects the cone whose vertex is {A,A') in two elements of 
which h.ad and 'E,kg are the horizontal projections; and the 
points d and g, in which they intersect V&, are the horizontal 
projections of two points of the required curves ; d belongs to 
the lower and g to the upper nappe of the cone whose vertex 
is {AiAO- The plane whose horizontal trace is (BC intersects 
the cone whose vertex is (AjA*) in two elements of which (AA 
and A/D are the horizontal projections; and the pointsyand 
ft, in which they intersect VC, are the horizontal projections of 
two points of the I'equired curves; the pointybeiongs to the 
lower and the point ■ to the upper nappe of the cone whoso 
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vertex is (AjA'). The vertical projections of the elements in 
which the plane whose trace is EB6 intersecis the cone whose 
vertex is (A,A'), are the lines E'A'^' and A'a'd'; and d' and g' are 
the vertical projections of the points determined by this plane. 
Drawing perpend icuSars to the ground line through the points 
f and k, and projecting on the vertical plane the elements 
which pierce the horizontal plane at D and t, determines the 
vertical projections of the two points of the curve contained in 
the plane whose trace is (BC. Thus, four points of the curves 
(fiJO, W'f')' te"'^'). and (d,d') are found. 

The elements of the cone whose vertex is (A.A") that pass 
through these points, are tangent to the intersections of the 
cones. For, through ciihei- of them, as the element (A A, h'A') , 
conceive a plane to be passed tangent to the cone whose vertex 
is (A,A') ; this tangent plane intersects the plane tangent to the 
other cone along the element whose horizontal projection is 
VC, in the clement (AA, h'A') : hence, this element is tangent 
to the curve of intersection of the cones (137) ; consequently, 
its projections are respectively tangent to the projections of the 
curve (90), and the same may be shown for each of the other 
elements. 

The auxiliary plane xBL determines the points (m,m') and 
{s^") in the lower curve, and the points (Q.QO and (MjM") in 
the upper. Thus eveiy auxiliary plane which intersects both 
cones determines two points of each curve. The lower curve 
intersects the horizontal plane at the points c and n. As we 
do not use the upper nappe of the cone whose vei-tex is (V,V'), 
we make the part of the curt'e which lies on the upper part of 
the surface of the lower nappe full. The horizontal projection 
of the lower curve. is dotted, being entirely concealed by the 
upper nappe of the cone whose vertex is (A.A"). The portions 
of the curves which can be seen in vertical projection are made 
full on the vertical plane ; the other parts are dotted. The 
bases of both cones are dotted, since they are concealed by the 
■ipper nappe of the cone whose vertex is (AiA"). Of the ele- 
ments which show the vertical projections of the cones, Ihe 
parts seen are made full, the parts concealed dotted. 
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To draw a tangent line to the upper curve at the point 
(0,0'), and to the lower curve at the point {kji'). Let aplane 
he drawn tangent to the cone whose vertex is (V,V') along 
the elenient passing througli these points, NXH is its horizontal 
trace ; tliis plane contains both the required tangents. Let a 
plane be drawn tangent to the other cone along tlie element 
lAk, A'li') ; NI is its horizontal trace, and it intersects the tan- 
gent plane before drawn in the line (Nfe, N'A;'), which is tangent 
to the lower curve at the point (lt,k') (137), The line N/c is 
the horizontal and N'fc' the, vertical projection of the tangent. 
Drawing a tangent plane along the element (OAG, O'A'C), 
GH is its horizontal trace, and the line in which it intersects 
the tangent plane (of which NH is the trace) is tangent to the 
upper cui-ve at the point (0,0'). The lines HO and H'O' are 
the projections of this intersection, which ai-e respectively tan- 
gent to the projections of the curve. 



PROBLEM XXXIII. 



To find the intersection of two surfaces of revolution vAose 
axes are in the same plane, and to draw a tangent line tii the 



§ 140. PI. 16. If the axes are in the same plane, they will 
either intersect each other or be parallel. We shall first con- 
sider the case in which they intersect. 

Let the horizontal plane be taken perpendicular to the axis 
of one surface, and the vertical plane parallel to the plane of 
the axes. Let one of the surfaces be an ellipsoid whose axis 
is (A,A'C), and the other a paraboloid whose axis is (AB, CB") ; 
rfB is the horizontal trace of the plane of the axes. The ver- 
tical projections of the curves in wliich this plane intersects the 
surfaces are the vertical projectionsof the surfaces. The large 
circle described around the centre A is the horizontal projec- 
tion of the surface whose axis ia (A^'C); the horizontal pro- 



Hosted by 



Google 



(mu. Jo 




Hosted by ' 



t e 



Hosted by 



Google 



OF SURFACES. 91 

jection of the other surface, not being necessary in the solution 
of the problem, is not made. 

Before constructing the intersection of the surfaces, we will 
remark, that all surfaces of revoltition having a common axis 
und intersecting each oOier, intersect in circles tchose planes are 
perpendicular to the common axis. For, let tiie surfaces be 
intersected by a plane through their common axis, this plane 
intersects each surface in a meridian curve ; the points in which 
these curves intersect are points of the intersection of the sur- 
faces. . Let this plane be now revolved around the common 
asis ; each meridian curve will generate the surface to which 
it belongs, and their points of intersection will describe the 
circumferences of circles whose planes are perpendicular to 
the axis ; that is, to the common axis of the surfaces. But 
these circles are tiie intersections of the surfaces : hence, two 
surfaces of revolution, hamng a common axis, intersect in circles 
whose planes we perpendicular to that axis. 

Let the point C, in which the axes of the surfaces intersect, 
be the common centre of a system of auxiliary spheres ; every 
sphere will intersect each surface in a circle ; the points in 
which the circumferences of these circles intersect are points 
of the required curve. 

With C as a centre, and any radius, as CD, conceive a sphere 
to be described. This sphere intersects each of the surfaces 
in a circle ; the planes of these circles are perpendicular to the 
vertical plane of projection, since the axes of the surfaces are 
parallel to this plane. The line DD' is the vertical projection 
of one circle, and EE' the vertical projection of the other. 
Tlie point F, at which these lines intersecl, is the vertical pro- 
jection of the Sine in which tiie planes of the circles intersect ; 
and the points in which this line of intersection pierces the sur- 
faces are Iwo points of the required curve. Let the circle of 
which DD' is the vertical projection be projected on the hori- 
zontal plane ; D is projected at d, and the circle described with 
A as a centre, and radius Ad, is the horizontal projection of 
-he intersection of the sphere and ellipsoid. It is evident that 
/ y" is the horizontal projection of the line in which the platie* 
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of the two circles intersect; therefore _/ and/"' are the hori- 
zontal projections, and F is the vertical projection, of two points 
of the curve. In the same manner any numberof points may 
be found. To find the points in which the curve intersects the 
circle of the ellipsoid whose plane passes through the centre, 
describe a sphere which shali intersect the ellipsoid in its largest 
horizontal circle ; thissphere will determine those points; they 
are (m,N) and {J^,N). The points a' and b', in which the me- 
ridian curves parallel to the vertical plane of projection inter- 
sect, are horizontally projected at a and b. 

To draw a tangent line to ihe curve at any point, as {/,F). 
This line could be determined by the general method of draw- 
ing two planes respectively tangent to the surfaces at the point, 
and constructing their line of intersection, which would be tan- 
gent to the curve. We shail, however, employ another method, 
which inti'oduces new principles, and is, perhaps, more elegant, 
it is called the method by normals. 

A line is perpendicular to a curve when it is perpendicular to 
the tangent drawn through the point in which it meets the curve. 
This perpendicular is called a normal. A line is perpendicular 
to a surfjcenhen it is perpendicular to the tangent plane at the 
pomt in which it meets the surface. This perpendicular is 
^a!!td a noimal, and any plane passing through it a normal 
plane If thiough the pomt (f,V), at which we wish to draw 
a tangent line, two Imes be drawn, the one perpendicular to 
the siuf ice of tlie ellipsoid, the other perpendicular to the sur- 
face of the paraboloid, die plane of these two lines is a normal 
phiio to both thf surficeb at the point (/,F). But as this plane 
cont iins the nm mal hni" s, it will be perpendicular to two planes 
draw n through the po lit ( f, F), the one tangent to the ellipsoid, 
the other to the paraboloid ; and, consequently, it will be per- 
pendiculai to their intersection. But, as this intersection is the 
tangent line to the curve at the point (,/,F), we conclude that 
ihe normal plane to both surfaces, at any point of their intersex. 
tioti, ts perpendicular to a line tangent to their intersection at ilte 
name ptnnt. 
Jjet the point (/, F) be carried around on the surface of the 
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eiiipsoid, in a horizonta! circle, till it comes into the meriiliaii 
curve parallel to the vertical plane at (<^,D) ; at this point draw 
the normal DII. It is evident that all normal lines which inee! 
the surface in the circumference of the circle of which DD' is 
the projection will intersect the axis at H. In like manner, by 
revolving the point (/,F) about the asis of tbe paraboloid tiilii 
comes into the meridian curve, parallel to tiie vertical plane, aS 
E', the normal E'H' can be drawn : hence, FH, FH' are ihe 
vertical projections, and^A,/H" the horizontal projections of 
the two normal lines to the surfaces at the point {/,F) ; and 
HH' is the trace of their plane on the plane of the ascs. Eu! 
since the plane of the axes is parallel to the vertical plane of 
pi'ojection, HH' is parallel to the vertical trace of the normal 
plane. Since the tangent line passes through the point (_/,F), 
and is perpendicular to the normal plane, its vertical pTOJectioit 
passes througii F and is perpendicular to KH' (49). The nor- 
mal plane intersects the plane of the horizontal circle of which 
DD' is the vertical projection, in a line parallel to the horizontal 
Erace of the normal plane, Eul as the diameter DD' and the 
trace HH' are both in the plane of the axes, the point (G,G'), 
in which they intersect, is one point of the intersection of the 
horizontal and normal planes; the point (/,F) is another point : 
hence, Gfis the horizontal projection of their hne of intersec- 
tion ; which projection is parallel to the horizontal trace of the 
normal plane. Therefore the line drawn through F, perpendicu- 
lar to HG', is the vertical projection of the tangent line, and the 
line through/, perpendicular to /G, is its horizontal projection. 
Instead of determining the direction of the ti-aces of the normitt 
plane, by constructing its intersections with the plane of the 
axes and the horizontal plane DC, we might construct its 
traces on the planes of projection, since we have two lines of 
the plane, viz. (/A, FH) and (/H", FII') ; the points in which 
these lines pierce the planes of projection are points of the traces 
of the normal plane, 

§ 141. If the axes of the surfaces were parallel, their inler- 
seclion could be obtained very easily by intersecting them by 
planes, since planes perpend'cular to their axes would intersccl 
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both surfaces in circles, and the intersections of these circles 
would be points of the curve. The tangent line is drawn in 
the same manner as when the axes inteisect. The construc- 
tion is left for the student. 



PROBLEM XXXIV. 

Ih find the intersection of a cone and sphere, the tertex of thb 
cone being at tliB centre of the sphere ; and to draw a tangent 
line to the curve at any paint. 

■ § 142. PI, 17. Fig. 1. I-et {C,C') be the vertex of the cone 
^nd centre of the sphere, EGH the base of the cone, and the 
rircl described with the centre C, and radius G'A the ver- 
tical piojpctmn ot the sphere. The horizontal projection of 
the epherc, not being i equired in the construction, is not made. 
Thiough the \erlcs of the cone let any number of planes be 
diiwn perpendiculai to the horizontal plane ; they will inter- 
sect the sphere m great circles, and the cone in right-lined 
elements, the pomts in which the elements intersect the circles 
lie pomts of the cumc 

Let GCH he the horizontal trace of one of the auxiliary 
phnes I et this plane be revolved around the projecting line 
ol Ihe veitex ot the cone till it becomes parallel to the vertical 
pi me of proicctioii The points G and II describe the arcs 
GG' and HH', in the horizontal plane, around C as a centre ; 
and the great circle in which the plane intersects the sphere 
becomes parallel to the vertical plane. From this position the 
great circle is vertically projected into the circle whose centre 
".s C, and the elements of the cone into the lines C'G" and C'H". 
These lines intersect the circumference of the circle at h" and 
h". In the counter revolution these points describe the area 
of horizontal circles; and when the plane has resumed ita 
primitive position, they are vertically projected at h' and h', and 
horizontally projected at b and ft. The points (6,6') and {hji") 
are therefore two points of the required curve. In the same 
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manner the points («^'), (n,n'), [m,m'), Q,l'), {g.g'), if,/'), {efi') 
and {c,c') are determined. The pari b'c'e'f, being seen, is made 
full in vertical projection ; the remaining part is dotted. If we 
suppose the upper hemispjiere, which is not used in the problem, 
to be removed, the horizontal projection of the curve should be 
made full. 

To draw a tangent line to the curve at any point, as (f,f:r). 
Let a cone be drawn tangent to the sphere whose circle of 
contact shall be horizontal, and also contain the point (cff). 
The line AI'V, drawn tangent to the vertical projection of the 
sphere, is one of the elements in which the plane G'CII' inter- 
sects the cone. This element pierces the horizontal plane at I ; 
and the circle described with the centre C and radius C] is the 
intersection of the cone and horizontal plane. The point (C,V) 
is the vertex of the cone, 'I'he . element of this cone which 
passes through (c,c') pierces the horizontal plane at B ; and BD 
is the horizontal trace of a plane tangent to the cone along this 
element. The element of the cone whose vertex is {C,C'), 
that passes through the point {cfi'). pierces the horizontal plane 
at E, and ED is the horizontal trace of a plane tangent along 
this element. The intersection of this plane with the plane 
whose trace is BD is the tangent line to the curve at the point 
ifi,c'). The line Dc is the horizontal and DV the vertical pro- 
jection of this tangent. 

PROBLEM XXXV. 

To dmelop thesurface of a cone having any curve forits base, 
to trace on this development the intersection of the cone by a 
givenplane; and to find, on die devdopment, the position of 
a tangent line to the curve of intersection. 

5 143. If aconeberolled around on anyofitstangent planes, 
the vertex remaining fixed, all the elements will arrange them- 
selves around the fixed point ; and when the cone shall have 
been rolled once round, all the elements will have been in con- 
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tact with tlic plane. If the elements of the cone, after coming 
in cositact wilh the plane, remained in the plane, it is evident 
that the surface of the cone would gradually extend itself on 
the plane ; that any line on the surface of the cone would de- 
velop into a line, and that the points of this line would be at the 
same distance from the common point around which the elements 
arrange themselves, as ihey were in space, from the vertex of 
the cone. 

The curve in which a splieie, having its centre at the vertex, 
intersects the surface of a cone, will, when the surface of the 
i.one is developed, become a circle ; the centre of the circle 
being the point at which the vertex of the cone is placed, and 
the radius equal to the radius of the sphere. With the vertex 
of the cone as a centre, and any assumed radius, let a sphere 
be described, and the intersection of the sphere and cone deter- 
mined. If, then, any two elements be chosen on the surface 
of the cone, and the length of that part of the mtersectjon of 
the sphere and cone intercepted between them determined, 
this distance laid off on the circle into which the mteisection 
develops, determines the position of the two elements on the 
development of the cone. It is then necessary to find the 
length of the curve of m let section of the cone and aphcic To 
do this, let ui develop the right cjhnder which pi jCLtb this 
curve on the honzontdl plane and tiace the cune Dn this 
development Smce the cyhndcr is a right cyl ndei its bast 
which is the horizontal projection of the curve will I (come a 
right line on the phiie of devek pment (137) the elements ot 
the cylindei wdl become perpendicuhr to this right hne nd 
the curve is triced through the upper eitiemities o! these 
elements 

Let the curve m which the cone and sphere intersect each 
other be f und ts in the last ptoblem ind let the cylinder 
which projects the curve on the horizontal plane be developed 
on the plane v^'hich is tangent to it along the element that pierces 
the horizontal plane at e (Fig. I). Draw the indefinite right 
Sine LED (Fig. 9) ; erect a perpendicular to it at E, and make 
Ee equal to th.-; height of the point (e,e') (Fig. 1), above the 
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horizontal plane ; e is one point of the intersection of the cone 
and sphere on the plane of development. Laying oiF EC equai 
(o the arc ec, CB equal to cb, BA equal to ha, AN equal to an, 
NM equal to nm,ML equaltom/; and on the other side of the 
point E make EF equal to e/., FG to^, GH to gh, HL to hi ; 
LEL will be the base of the cylinder rectified. Erect at L, 
H, G, F, Sec., perpendiculars to the line LD, and make them 
respectively equal to the distances of the corresponding points 
in (Fig. 1) above the horizontal plane ; the curve llig, &c,, tc 
/, traced through these points, is the curve of intersection of the 
sphere and cylinder on the plane of development. The tangent 
line to the curve at the point {0,0") is determined on the plane 
of development, by laying off from C (Fig. 3) the distance CD 
equal to the subtangent cD (Fig. 1), and joining the points c 
and D (Fig. 2). 

It is flow required to develop the cone, and trace on the 
development the curve of intersection with the horizontal 
plane of projection. Let the cone be developed on the tan- 
gent plane passing tlwough the point (cfi"), and let the vertex 
of the cone be placed at C (Fig. 3). With C as a centre, and a 
radius equal to the radius of the sphere, describe the arc of 
the circle Imna, &c., and draw a radius CE to represent the 
element (Cc, C'c'), From the point c lay oiFthe arc cb equal 
to cb (Fig, 9); and draw C6G ; this is the position, on the plane 
of development, of the element of the cone that passes through 
the point (&,&') (Fig. 1), By making, in like manner, ba equal 
to ba (Fig. 3), on equai to an, &c., and laying off on the other 
side of c the arcs ce,ef,fg, &c. respectively equal to, their cor- 
responding arcs in (Fig. 2), and drawing the lines Ca, Cn, Ce, 
&c., we determine the positions of a series of elements of the 
cone on the plane of development. The tangent line being 
perpendicular to the radius of the sphere, or to the element of 
the cone passing through (c,c'), is perpendicular to this element 
on the plane of development, and therefore has the position 
cD(Fig.3). 

We will now trace on the plane of development the intersec- 
tion of the cone with the horizontal plane Laying off from C 
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ihe distance CE eqnal to the length of the element which passes 
tlirough {cfi") (Fig. 1), determines one point. The length of Ihe 
element is forwied by revolving it about the axis of the cone till 
it becomes parallel to the vprtical pSanc, its projection from this 
position will be equal to its true length : hence, CE" is the 
length of the element. Thus, the length of any element may 
be determined, which, being laid off from C, determines a point 
of the required curve. Making cD (Fig. 3) equal to cD (Fig. 3), 
and joining E and \>, ED is the position which the tangent line 
ED (Fig- 1) assumes on the plane of development. 



CHAPTER IX. 

Pit ACTIO A L PROBLEMS. 

PROBLEM I. 

Knowing the distamie of a point from three given points, it ts 
required to find its distance from the plane of these points, and 
its projection on the plane. 

5 144. As the hne joining any two of these points is known, 
and as there are six such lines, the problem may be thus enun- 
ciated ; having given the six edges of a triangular pyramid, le 
construct tlte pyramid. 

PI. 18. Fig. 1. Let the plane of the three points be assamed 
for the horizontal plane of projection, and let ABC be the tri- 
angle formed by joining the given points A, B, and C ; and 
suppose the lines A, B, and C to be equal respectively to the 
distances of ihe fourth point from the angles A, E, and C. 
With the angular points A, B, and C as centres, and radii equal 
to the distances A, E, and C, let three spheres be described. 
As each condition, taken independently of the other two, fixes 
the required point on the surface of one of these spheres, the three 
conditions, taken together, fix it at their points of interst-ctjori. 
Since either two of tha spheres lnter<!ect each other in s circle 
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perpendicular to the line joining their centres (140), the spheres 
whose (centres are B and C intersect in a circle perpendicular 
to CB, and of which ED is the horiKOiital projection. The 
spheres whose centies dre \ and C, intersect in a circle per- 
pendicular to AC, and of which &Z is the horizontal projection. 
The line in which the phnes ot these n -cies intersect ia per- 
pendicular to the horizontal plane at I , the two points in which 
this line pierces the surface of either of the spheres are com- 
mon to the surfaces of the three spheres: either of them, 
therefore, will answer ill the conditions of the problem. Let 
the vertical plane of projection be tiken perpendicular to 
CB, and project the circle of whidi ED is the diameter upon 
it. The line D'E' is the vertical projection of the diameter ; by 
descril.iiig the circle on this diameter, and projecting the per- 
pendicular to the horizontal plane at I, the points I' and I", in 
which it intersects this circle, are determined. The fourth point 
is, therefore, liorizontaHy pi-ojected at I, and is above or below 
the plane of the other three points a distance equal to N!" or NX'. 
Eitberofthesepointswill answer all the conditions of the prob- 
lem, and may be regarded asthe vertex of a triangular pyramid, 
three of whose edges lie in the horizontal plane, and whose three 
other edges are drawn from this point to the angles A, B, and C. 



PROBLEM II. 

To find the centre and radius of a sphere whose surface sludl 
pass through four given points; or, hy regarding tlie four 
points as the four angular points of a triangular pyramid, 
theproblem may be tmuncialed, to circumscribe a sphere about 
n triangular pyramid. 

§ 145. If any chord of a sphere be bisected by a pkne per- 
pendicular to it, the plane will pass through the centre of the 
sphere. Hence, if we bisect the line joining any two of the 
given points by a perpendicular plane, this plane will contain 
the centre of the required sphere. Bisecting a second line by 
a perpendicular pkne, this plane will also contain the centre of 
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tlie Sphere. Siscctmg in like manner d third Tine, not m the 
plane of the other tvit>, the point in which thi^ ksE plane cuts 
the common mterspaion ol the otht.) tvio phiien is the (ejitre 
of the required sphere, being a point equidistant from the four 
given point a. 

Pi. 18. Fig, 9, Take the plane of any three of tlie points 
for the horizoatal plane of projection. Let A, E, and C be the 
three points situated in this plane, and (D,D') the fourth po nt 
Through L, the middle of BC, let the plane L! be d \wn ptr 
pendicakr to BC ; through N, (lie middle of AB, let the pe 
pendicular plane NI be drawn ; these planes interse t n t I e 
perpendicalar to the horizontal plane at I ; this lire e(nt ng 
the centre of the sphere, and its vertical projection! 1 cont-ins 
the vertical projection of the centre. Through (EL) th& 
middle of the edge of which DC is the horizontal projection, let 
u plane be drawn perpendicular to tlus edge (53) ; GH and 
GH' are its traces; the point in which the pkiio cwts the hne 
(1,1 'I") is the centre of the sphere. 

To find this point, let a plane be drawn through the line 
(IJ'T) parallel to the vertical plane ; it intersects the pkne 
(Gil, Gil') in a line parallel to its vertical trace, and H"i' is 
its vortical projection. The point (1,1') is, therefore, the poini 
in which the line (Iil'lO pierces the plane (GH, GH% and ia, 
consequently, the centre of the sphere. A line drawn- fmm 
(I,r) to either of the four ai^uiar points, A. B, C, or (D,D'>, 
is the radius of the sphere. Taking the radjas passing throogb 
C, IC is its hcH-izontal projection, and Vc its Tertical projec- 
tion. Revolving the plane which projects it on the hcrizoBtaS 
plane about (1.1"!') till it becomes parallel to the vertical plane, 
C describes the arc CC, and the point (1,1') remains fixed ; 
I'C" is, therefore, the length of the ntdius. With this radius-^ 
and about I and I' as centres, let two circles be described ; 
they are the projections of the required sphere. 

If the vertical plane of projection had beai taken pamlSel tn 
(DC, D'c), the plane perpendicular to tlas line would have been 
perpendicular to the vertical pkne, and the point (l,\') wouU? 
then have been vertically projected in the trace GH'. 
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TROBLEM ni. 



To find the radius of a sphei-c tc/iicfi sfta?/ be timgent to four 
given planes ,■ or, to inscnbe a sphere in a given triangular 
pyramid. 

§ 146. if we bisect any tliree i>f the dtedraJ angles of this 
pyramid by planes passing tlirougli three edges which do not 
meet in the same point, tte point in whidi these three bisect- 
iog pianes intersect, is the centre of the required sphere.* 

It is, therefore, re qii ire d to draw these piaaea, aiid dt^ei^ne 
Sheir point of intersection. 

PI. 18. Fig. 3. Let OAB, in the horizontal plane, be the 
base of the pyramid, (D,D') its vertex, DA, DB, and DO, the 
Siorizontal, and D'A', D'0',and D'B', the vertical projections of 
ats edges. The bisecting planes will be drawn through the 
^ioes AO, AB, and BO. 



■ For, let AC"B<Fig. 3, njiiethebnsp, ancl(D,D']thpnjrtexof atiiaHgular 
ijijraBiul ; suppose (C,C) to be the point of intersection of the three bisEctiog 
jiSaneB paEseii thvoMghtfee edges AC", AB and BC" ; it is to Iw proved ttot this 
^oint is equiiKstaat irom the four &cce of thepyratBicL 

TliroBgli the point {O.tT') let a plai>e be drawn perpeBiiieular to either edga, 
as AC!". Kow, as the iHseotiug [dano througli the edge AC" divides equally 
the ciiedral angle indiidad between the fnce DAC" and the plane of the base, 
its intersecljon mth the pcipnidieulur plane bisects the angle confined Ity the 
fiue in which the pei^iMidieular piano inlerBects the face DAC* and the hovi- 
xonta! plane. Let this per^eodieiila)' plane tie revolved, sjoimd its honEontal 
trace GO tili it cwncidee with the horiiontal ptene. Tlie pmnt (C,C) falls at 
E ; GF, OE, aad GO, are the Gbbs revolved, in whioh the perpeBdicular plane 
intereecte tfee plarte of the face ADty, the biseeljng plane, and the plane of the 
ijaae : EF and EC are the perpeniKcHlats (el fall from the pmnt (C.C) on the 
face ADC, and on tiie plsna of the base. But, sinca the angles KGF and 
EGC are eqaal, the Bugles at F ami C right angles, and the side EG common, 
the two triangles EFG and ECG ate equal, ajid have the aide EF equai to EC. 
^ the iniBO maiwer it may be prarcJ, Chat (he length of the perpe^dit^tdaf on 
cither of tjie ether feeeB ia eijrnil to the length of the perpendicular on the plane 
elf (he oaeo et the pyramid ■ hence, the |> 'rpendiculars drawn from the pidiit 
JC,C') to Uie fonr plani's are equal ; {C,C') is, therefore, the centre, and EC 0( 
EF the radius of Hsplinre to wbid) ih-ifour lanes will be tangent. 
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Tlirough tlie vertex (D,D') of the pyramid let three planes 
be drawn respectively perpendicular to the three edges AO, 
AB, and BO; and let these planes be revolved around their 
liorizontal traces DE, DH,and DG, till they coincide with the 
horizontal plane. In revolving the plane ED to coincide witl; 
the horizontal planw, the point at which the vertex of the pyrii- 
mid fails is deterniined by drawing DV perpendicular to ED, 
and making it equal to the !ieight of the vertex above the hori- 
zontal plane. Let V ana E be joined ; EV is the revolveti 
position of the infei-section of the perpendicular plane ED with 
the face DOA; and EE', bisecting the angle VED, is the 
revolved position of a line of the bisecting plane. By revolving 
the plane DH to coincide with the horizontal plane, the vei-tex 
ofthepyramidfalbat'V", and the tine bisecting the angle DIfV" 
is the revolved position of a line of the bisecting plane passing 
through AB. !u like manner, by revolving the plane GD to 
comcide with the horizontal plane, the vertex of the pyramid 
falls at V ; and Ga', bisecting the angle V'GD, is a line of the 
bisecting plane which passes through OB. We have, therefore, 
two lines of each bisecting plane, and may therefore conceive the 
planes to be drawn. Tliese bisecting planes form a new pyra- 
mid, which the horizontal plane intersects in the triangle ABO ; 
the edges of this pyramid pass through the points A, B, and O, 
and its vertex is the centre of tlie sphere. 

Let this second pyramid be intersected by a plane parallel 
to the horizontal plane, and at the distance P'Q above it. This 
plane will intersect the faces of the new pyramid in lines 
respectively parallel to AO, AB, and OB,, which lines will form 
a triangle similar to the triangle AOB ; the angular points of 
this triangle are in the edges of the second pyramid. Recol- 
lecting that Ga', in its position in space, is directly above G D, 
we seeythat if Go" be made ecjual to P'Q,and a"a' di-awn parallel 
to GD, ti' will be the revolved position of one poii>t of the inter- 
section of the plane parallel to the horizontal plane, with the 
bisecting plane through OB. The point a', from its position in 
space, is horizontally projected at« ; and as the plane parallel 
to the base of ths pyramid intCFsects ill* bisecting plane in a 
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line parallel to OE, it follows that ZiT is the horizontal projec- 
tion of this line. Making sb, in the angle VED, equal to P'Q, 
and drawing it parallel to OA, bb' will be the projection of the 
intersection of the plane parallel to the base of the pyramid 
with the bisecting plane through AO. In tike manner, the 
parallel to AB is determined ; and thus we have the horizontal 
projection of the triangle, in which the plane parallel to the base 
of tiie pyramid intersects the second pyramid. The horizontal 
projections of the edges of the second pyramid pass through the 
angular points of this triangle, and also through the points A, 
3, and O ; drawing them, determines C, the horizontal projec- 
tion of the vertex of the second pyramid, or centre of the 
sphere. The vertical projection of the centre of the sphere is 
in the perpendicular to the ground line through C, and also in 
the vertical projection ofeithor of the edges of the second pyra- 
mid. The point B is vertically projected at B' ; the point P, 
at P': hence, B'P'C is the vertical projection of the edge 
which pierces the horizontal plane at B ; and C is the vertical 
projeciion of the centre of the sphere. The radius of the 
sphere is equal to C'S ; with this radius let circles be described 
around C and C as centres : these circles are the projections 
of the sphere. It is evident that this problem is the same as 
the problem to find a point equidistant from four planes, neither 
two of which are parallel to eudi other. 
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SPHERICAL TRIGONOMETRY. 



CHAPTER X. 



CONSTRUCTION OF SPHERICAL 

§ 147. Descriptive Geometry can readily be applied to 
the graphic solutions of the several cases of Spherical Trigo- 
nometry. 

Every spherical triangle being formed by the arcs of three 
great circles intersecting each other on the surfaces of a sphere, 
it follows that the planes of these circles must intersect each 
other at the centre. These three planes form what is called a 
spherical pyramid : the centre of the sphere is its vertex ; the 
planes of the sides of the spherical triangle are its faces ; and 
the lines in which these planes intersect are called its edges. 
The edges pass through the angular points of the spherical tri- 
angle, and through the centre of the sphere. 

§ 148, If at either angle two lines be drawji respectively 
tangent to the sides of the spherical triangle, each line will lie 
in the plane of the side to which it is tangent (67) ; both the 
tangents will be perpendicular to the radius of the sphere pass- 
ing through the angular point ; and the angle contained by them 
will be the measure of the diedral angle of the two faces of the 
pyramid which intersect in the radius passing through the an- 
guhir point. But since the lines are tangent to the arcs, the 
angle which they make with each other is the measure of the 
inclination of the arcs ; therefore, the diedral angles of tlie pyra- 
mid are equal to the corresponding angles of the spherical tri- 
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angle, and may be taken fo represent them. The angle inclu- 
ded between any two edges of the pyramid, being an angle at 
the centre of the sphere, is measured by the side of the spherical 
triangle contained in the plane of these two lines : hence, the 
sides of a spherical triangle measure the angles included be- 
tween the edges of the pyramid ; these angles may then be 
taken to represent the sides. 

Seeing, therefore, that a pyramid can always he formed, 
having its diedral angles equal to the angles of a spherical tri- 
angle, and the angles formed by its edges equal to the sides of 
the triangle, it follows that all the cases which can arise in 
spherical ti-igonometry, will be comprised in the general prob- 
lem, io^d (Aere?Bt«mn^2''^riso/'fflspAericfl?^i/7'«?nJ(? tdienantj 
three parts of it are given. 



Harnng given the three sides of a sphei-icul triangle, to find 

the angles : that is, having given the three angles included 
between the edges of a spherical pyramid, to find its diedral 
angles. 

§ 149. PI. 1. Fig. 1. Let ACB be the spherical triangle, 
having the sides a, b, and c given. 

Make on the plane of the paper the angle DGII equal to the 
side c. If the pyramid were entirely constructed, and the two 
other faces revolved, the one around GD, the other around 
GH, to coincide with the plane of the paper, the third edge 
would, as it were, divide and fall into the two lines GC and 
GC", making the angle BGC equal to the side « of the 
spherical triangle, and the angle HGC" equal to the side b If, 
therefore, the angle DGC be made equal to the side a, and 
the angle HGC" equal to the side 6, they will represent these 
sides revolved into the plane of the paper. 

It is now required to fold up this pyramid and determine its 
diedral angles. When the pyramid is folded up, every point 
of tlie line GC' will unite with a point of he line GC" at the 
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warae distance from the point G ; the points F and F , at the 
same distance from G, will then become the same point. But, 
m turmng ihe p.anc DGC "iround GD as an axis, the point i" 
revolves in a vertical circle whose centre is B and radius BF' ; 
and in revolving the plane HGC" around GH, the point F de- 
scribes a vertical circle whose centre is A and radius AF : the 
planes of these circles intersect in a line perpendicular to the 
lace HGD at E,and GE is the projection of the intersection 
of the faces DGC and HGC". Revolving the plane of the 
circle described by the point F' about the trace F'E till it coin- 
cides with the plane of the paper, the point of which E is the 
projection will fall in a perpendicular to FE at E', a point of 
the arc of the circle described by the point V : hence, BE' is 
the intersection of the vertical piane F'BE with the plane of 
the face F'GB ; and, consequently, E'BE is equal to the angle 
which this face makes with the face DGH. For the same 
reasons E"AE is equal to the angle which the face HGC" makes 
with the face DGH. 

it is now required to find the angle which the faces HGC 
and C'GD make with each other. Let a plane be drawn per 
pendicular to the edge of which GE is the horizontal projection , 
its trace DH is perpendicular to GE ar 1 tl e 1 ea i which it 
intersects the faces pass through the po 1 1 Ha ID, and are 
both perpendicular to the edge at the san e po nt When the 
faces are revolved around GD and CU to co ic de with the 
plane of the paper, this point will, as t w ere d v de md fall at 
C and C", equidistant from G ; the lines DC and HC, per- 
pendicular respectively to GC and GC", are the lines in which 
the perpendicular plane intersects the planes of the faces. Let 
there be taken any two points in the lines GC and GC" equi- 
distant from G, as C and C", and from these points let lines be 
drawn respectively perpendicular to GC and GC": then con- 
struct a triangle with the lines HD, DC, and HC" ; the angle 
HOD will be equal to the angle C of the spherical tnangle. It 
is plain that the angle EBE' is equal to the angle B of the 
spherical triangle, and the angle EAE" to the angle A. 
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Having given two sides and the inciuded angle of a spheric^ 
inangle, to find the otlier j)arls. 

§ 150. Pi. v. Fig. 3. Let ABC be the triuEigle, c and h the 
given sides, and A the given angle. 

Make, on the plane of the paper, the angle EHA equal to the 
side c, and the angle AHG' equal to the side 6 : AHG' is the 
face, revolved into the plane of the paper, which makes with 
the face AHB the angle A. Through any point, as A, of the 
edge HA, conceive a vertical plane G'AF to be drawn perpen- 
dicular to IIA ; the angle contained by the lines in which this 
plane intersects the faces is equal to the angle contained by the 
faces. These lines, however, can only be represented by 
revolving the vertical plane which contains thetn to coincide 
with the horizontal plane ; when it is so revolved, let the line 
AF" be drawn, making the angle FAF" equal to the angle A 
of the spherical triangle ; the line AF" is a line of the face AHG'. 
With the centre A and radius AG' let the arc of a circle be 
described ; this arc meets AF" at F". Let the plane FAF' be 
revolved back into its primitive position, the point F" is hori- 
zontally projected at F. If now we suppose the lace AHG' 
to be revolved around AH till it shall make with the plane of 
the paper an angle equal to the angle A of the spherical tri- 
angle, the point G' will describe a circle whose plane is perpen- 
dicular to HA ; and when the face makes the required aagle, 
the point G' is horizontally projected at F ; hence, HF is the 
projection of the intersection of the face AHG' witli Ihe un- 
known face of the pyramid. Revolving this third face around 
HB till it coincides with the horizontal plane, the pojnt of which 
F is the projection falls at G, in a perpendicular to HB, and al 
it distance from B equal to the hypothenuse of a triangle whose 
baae is BF and altitude FF" or FF', the height of the point 
i^iove tiie plane of tiie jjapcr. The angle BI5G is. 'hercfore. 
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equal to the side of the triangle opposite the angle A, and FBf 
to the angle opposite the side b. The angle C, opposiie ihe 
side c, can be found as in Case 1. 



Having given tvM angles and tlie included side of u ttpktrical 
triangle, required the other parts. 

§ 151. PI. 2. Fig. I. Ut ABC be the triangle, A und B the 
given angles, and c the given side. 

Draw, in the plane of the paper, the lines HA and HB, 
making the angle AIIB equal to the given aide c. At any point 
of HB, as B, let a perpendicular BI be drawn, and let flie angle 
FBI' be made equal to the angle B of the triangle. Conceive 
the line BI' to be situated in the vertical plane whose trace is 
FBI, it will then be a line of the face which makes an angle 
equal to B with the plane of the paper ; the lines BI' and HH 
determine the position of this face. Drawing, in like manner, 
a perpendicular AE to the edge HA, and making the angle 
EAD equal to the angle A of the triangle, we determme AD, a 
line of the face which passes through HA, and makes an angle 
equal to A with the plane of the paper. The line AD, whose 
position in space is directly over AE, and the line HA, deter- 
mine the position of this face. The pyramid is therefore 
determined, and the three parts which are unknown are the 
required parts of the triangle. 

Let the unknown faces be intersected by a plane parallel to , 
the plane of the paper ; it will intersect the faces in lines respect- 
ively parallel to HA and HB. Suppose I"N to be tho dis- 
tance of this plane from the plane of the paper ; PN is the prcv- 
jection of its intersection with the face passing through KA. 
From B lay off Bi equal to I"N. and draw dd' parallel to BS ; 
d'S is equal to Be?, and, consequently, to NI"; therefore, S is 
one point of the projection of the line in which ihe parallel 
plane intei-sects the second unknown face. But the line of 
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mtersefition is parallel to HB ; therefore, its projection which 
passes through S must be parallel to HB. The point P is, there- 
fore, the projection of a point common to both the uiiktiovvij 
faces : hence, it is the projection of a point of their inlerseciion, 
and HPE is the projection of the intersection. Produce AN to 
E, and draw the perpendicular ED. With A as a centre and 
radius AD .describe the arc DG, and draw HG : AHG is equal 
to the side of the spherical triangle opposite the angle B, By 
producing BS to I, erecting the perpendicular 11', describing the 
arc I'F with the centre B, and drawing the line HF, we deter- 
mine the angle BHF, equal to the side of the spherical triangle 
opposite the angle A, The unknown faces might have been 
found thiis : from P draw a perpendicular POM to the edge 
HO, and make OM equal to AI" ; M is a point in the edge of 
the unknown face revolved into the plane of the paper. The 
point M' is found by making O'M' equal to Brf', The angle C 
opposite the side c, can be found as in Case 1. 



Having given two angles and a side opposite one of them, 
required the othe?' parts. 

5 153. PI. 3. Fig. 3. Let ABC be the triangle, A and B tliG 
given angles, and b the given side. 

Let HA be the intersection of the known face with the plane 
of the paper. Make the angle AHN equal to the side b ; AHN 
is the known face revolved on the plane of t!ie paper. At any 
point of HA, as A, draw the perpendicular NAL and make the 
angle lAl' equal to the angle A of the triangle : AI' is the re- 
volved position of the intei'section of the known face with the 
plane NAI. With A as a centre and radius AN let the arc 
NI be described. From the point I', m which it intersects the 
line AI', demit the perpendicular I'l on the plane of the paper. 
In the vertical plane NAD let the line I'D be drawn, making 
the angle II'D equal to the complement of the angle B of the 
Hphericol triangle ; the angle IDI' is equal to the angle B. I et 
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t! e r'gl t a igled triangle I'DI be revolved around its perpen- 
d cuhr I i it will generate a right cone whose elements make 
wjlh the plane of the paper angles equal to the angle B. Let 
a tai ^ei t plane be drawn to this cone through the point H : 
th s pline will make with the plane of the paper an angle equal 
to the ngle B, Its trace is HB, drawn tangent to the circle 
DB, and BHA is equal to the aide c. 

The side a is found by revolving 11' til! it becomes perpen- 
dicular to IB, joining I" and B, and describing the arc I"N' 
around the centre B. The angle C might be found as in 
Case I. If the angle B were obtuse, the tangent plane would 
be passed on the other side of the cone ; if it were a right angle, 
I'D would coincide with I'l, and the cone would be reduced 
to a right line ; in this case tiie trace of the tangent plane wnuid 
pass through the point 1. 



Having given two sides and an opposite angle of a splterical 
triangle, to find the other parts. 

\ 153. PI. 3. Fig. 1. Let ABC be the triangle, a and h the 
given sides, and A the given angle. 

I e 1 e side b of the spherical triangle be placed on the hori. 
zon al pi ne, and the angle AHC be made equal to it. Make 
he a j,!e CHF equal to the side «; CH is the intersection of 
tl kno vn faces of the spherical pyramid. At .any point, aS 
4 of 1 e 1 ne III, draw the perpendicular GAS, and make the 
■mgle DAD' equal to the angle A of the triangle ; AD' is a line 
of the unknown face revolved into the horizontal plane around 
GS as an axis. At any point, as C, of the line HC, conceive 
a plane to be drawn perpendicular to HC. This plane and the 
plane of the lines AD and AD' are perpendicular to the hori- 
zontal plane ; their line of intersection is, therefore, perpen- 
dicular to it at D. This perpendicular, when revolved into the 
liorizontal plane around GD, takes the position DD' ; but when 
i-evolved around FI as an axis, it takes the position DD". If a 
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line be drawn from D" to I, it wiil represent tlie revolved posi- 
tion of the intersection of the plane FCI with tlie unknown face 
of the pyramid. Let the face CHP be now revolved about 
IIC; it will describe a coue which the plane of the unknown 
face wiil intersect, in general, in two elements ; and when the 
face CHF has such a position that the line HF is either of 
these elements, all the conditions of the problem are evidently 
answered, and the remaning parts of the pyramid are easily 
determined. Were the cone described, the plane FCI would 
intersect it in a circle of which C is the centre and CF the 
radius ; the points E and E", in which this circle meets the hne 
ID", are the two points at which the elements in question pierce 
the plane FCI. As the remaining part of the construction ia 
the same, whether we take the clement that pierces at E or the 
one which pierces at E", we can use either, and will take the 
one which pierces at E. The line drawn from H to the true 
position of the point E is, therefore, the intersection of Iheliice 
CHF with the unknown face of the pyramid, and HE' is the 
horizontal projection of this intersection. From the point S, 
in which the projection of the intersection meets GAD, draw 
SS' perpendicular to AD ; SS' is the height, above ilie plane 
of the paper, of that point of the intersection which is projected 
at S. With the centre A and radius AS' describe the arc S'G, 
and draw HG ; AHG is equal to the side c of the spherieai 
triangle. 

To find the angle C : join the points C and E ; ECE' is equal 
to the angle C. The remaining angle can be found as in Case I. 
If ID" were tangent to the circle FEE", the unknown face 
IHG would be tangent to the cone ; in this case there would 
be but one result, or one third side of the triangle, which would 
answer the conditions of the problem. If the line ID" do not 
touch or cut the circle FEE", the conditions of the problem are 
impossible, and then no triangle can be constructed with sucii 
data. 
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The three angles of a spherical triangle being given, to find 

(j 154. PI. 3. Fig. 2. Let ABC be the triangle, and A, B, 
and C the given angles. 

Let G'l be the intersection of two planes at right angles to 
each other. Draw a plane perpendicular to the vertical plane, 
and making one of the given angles, as A, for example, with tho 
hori_zonlal plane ; bo, he are its traces. If now a plane can be 
drawn, making with the plane (io, be), and with the horizontal 
plane, angles respectively equal to the angles C and B, these 
three planes will form a triangular pyramid whose diedral angles 
wiil be respectively equal to the angles of the triangle. To 
draw this plane, take any point within the angle which the plane 
{bo, be) makes with the horizontal plane ; and let this point be 
the common vertex of two rigiit cones whose axes are respect- 
ively perpendicular to the planes, and whose elements make 
with them angles respectively equal to the angles C and B of 
the triangle. If a plane be then drawn tangent to these conea, 
it wiil make the same angles with the planes as the elements of 
the cones make ; that is, angles equal to the angles C and B of 
the triangle : hence, this tangent plane is the plane sought. 

Let V be taken for the common veriex of the two cones ; 
il is assumed in the vertical plane in order to render the construc- 
tion more easy. Draw Vo' perpendicular to 'the horizontal 
plane, and Vji perpendicular to the plane (bo, be). Make the 
angle </Vd equal to the complement of the angle B, and the 
angle nVf equal to the complement of the angle C. Let the 
right-angled triangles Yo'd and Vn/be revolved about their per- 
pendiculars Vo' and Vn ; they will generate the two right cones 
whose elements make, respectively, with the horizontal and 
oblique planes, angles equal to the given angles B and C It is 
now required to draw a tangent plane to these cones. 

Inscribe a sphere in each cone, and draw a plane tangent to 
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these spheres through the point V ; this plane will be tangent 
to both cones, and, consequently, the plane required. J^ei the 
spheres to be inscribed be equal. At d draw dg perpendicular 
to the element Vrf; the point g', in which it meets the axis of 
the cone, is the centre of a sphere inscribed in llie cone whose 
axis is Yo' ; gd is the radius of the sphere, and qd is the ver- 
tical projection of its circle of contact with the cone. To 
inscribe an equal sphere in the other cone: at the vertex V, 
draw Yk perpendicular to the element Vm, and make it eqjial 
to dg ; draw km parallel to Yn, and from the point m, in which 
it cuts the element pi-oduced, draw mu parallel to YA, or per- 
pendicular to Vm : M is the centre and um the radius of the 
second sphere ; ms is the vertical projection of its circle of con- 
tact with the cone. It is required to draw a tangent plane t» 
these spheres through the point V. 

Let the plane (So, 6c) be moved parallel to itself till it em 
braces the circle of contact of which ms is tlie projection ; it 
then becomes the plane (FD, FG). Let the points u and ^!(e 
joined ; w^ is a line of the vertical plane. Suppose a cylinder 
of which tliis line is the axis to be tangent to both spheres. A 
plane drawn through the point V, tangent to this cylinder, will 
be tangent to both the spheres and to both the cones, and will, 
consequently, be the plane required. But since this plane is 
tangent to all the surfaces, the element in which it touches the 
cylinder touches the cones and spheres, and therefore passes 
through the points in which the circles of contact of the cylm- 
der and spheres intersect the circles of contact of the cones and 
spheres , for these are the only points common to all the sur- 
faces. Through g let gt be drawn perpendicular to ^ ; it 
will represent the vertical projection of the circle of contact of 
the sphere whose centre is g with the cylinder. The plane of 
this circle intersects the plane of the circle of contact of the 
sphere and cone in a horizontal line, which is vertically pro- 
jected at t ; the points in which this line intersects the circle 
of contact, are common to the cone, sphere, and cylinder. 
The element of the cyhnder passing through either of these 
points, is the element through which the tangent plane is to be 
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drawn. The horizontal trace of this plane must be tangent to 
the base of the cone (84) ; the line DCI, drawn tangent to the 
base of the cone at the point C, is therefore the horizontal trace. 
As the tangent plane is to contain the point V, its vertical trace 
is IVG. The point D is the vertex of the pyramid, and the 
angles included between the edges are easily found. Revolve 
the plane (DF, FG) into the horizontal plane, around DF as an 
axis. The point G falls at G', and DG' is the revolved position 
of the edge of the pyramid of which DG" is the horizontal pro 
jection : the angle FDG' is equal to the side b of the triangle. 
We ean verify this result by considering the circle of contact 
■wi. In the revolution, its centre p describes the arc pp' : with 
^ as a centre, and pV, equal to ps, as radius, describe a circle ; 
the line DG' should be tangent to this circle. The point which 
is common to the sphere, cone, and cylinder is vertically pro- 
jected at h : this point, in the revolution, describes the arc hh' : 
the ordinate h'h" should pass through the point of contact. The 
side a is easily found, and may be conatnictcd by the student 
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SPHERICAL PROJECTIONS. 



CHAPTER X[. 



5 15S. To conceive of t[ie whole surface of ihe earth, and 
the positions of objects situated on il, it is necessary to have 
recourse either to artificial globes or to drawings which repre- 
senl the earth and the different points of its surface. 

§ 156. As it is quite ditGcult to construct artificial globes, and 
indicate on them the different places upon the surface of the 
earth, as well as their reialive positions, the method by draw- 
ings, or the representation on planes, has been generally 



j 157. Spherical Projectiohs show the manner in which 
these drawings are to be made, so that they shall present to the 
eye, situated at a particular point, the same appearance as the 
sphere would present if the drawing were removed and the 
sphere placed in lis stead. 

§ 158. Three kinds of projections are generally used to make 
these representations, viz. the Orthographic, the Stereographic, 
nnd the Globular. 

§ 159. The plane of that circle of the sphere on which the 
representation or projection is made, is called the Primitive 
Plane; and the intersection of this plane with the surface of the 
sphere, the Primitiiv Circle. 
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§ (60. In the Orthographic projection the eye ia supposed to 
be situated in the axis* of the primitive circle, afid at an iiifinile 
distance from its plane, 

§ 161. In the Slereograpbic projection the eye is placed al 
the pole of the primitive circle, whose plane m tbis, as well as 
in the other projections, is siqiposed to offer no obstjuction to 
seeing that part of the qihere which lies beyond it. 

§ 162. Ill the Globalfir projection the eye is snpposed to be 
situated in the axis of the primitive circle, withotit the sur- 
face of the sphere, and at a distance from it equal to the sine 
of 45°. 

§ 163. It has aoiDStimes been fouixl convenient to draw a 
cylinder tangent to (he earth in the circuntferetKce of some one 
of its great circles, or a cone tangent to it in the circumference 
of one of its small circles ; to suppose the eye to be al the centre 
of the sphere, awd to project from this point all the circles on 
the tangent cylinder, or cone : then, by developing the snrface 
of such tangent cylinder, or cone, the surface of the sphere wilS 
be reduced to a plane, and we can easily conceive of the dif- 
ferent positions of its points. The Orthographic and Stereo- 
graphic metltods are, however, the most common and the inosS 
useful. We shall treat of these projections only. 

§ 164. Before examining in what manner the sphere is to be 
projected by these methods, we shall define those points and 
circles of the sphere to which particular names have been 
given, which are used by geographers in locating places on 
the surface of th« earth, and which are generally delineated on 
maps. 

§ 165. The line about which th« earth revolves is called its 



* The axU of a eiicla is a line jiasaing ttwough iSa centre, perpraiJicQliir lo 
its plane : Eho points in which tliis line ineeta the Hir&ce of the sphere arc calleii 
Ihe poles of the circle. Either pole ra at the same lEstonce firom every point ot 
the cireuinferonce of tlie eirdo ; since, ?f a line be prnpendicular to a plane all 
pointBoflhe plane equiiRatant from the foot of thoperpejifflcnlarnreeqiiiclffitanl 
from any point of the line. The ciistanee from t>e pole fo anj point of Iho cir- 
cumference ni' a circle, measiireil on the sphere R calfwl the poiar distancB o? 
(bo citclc. 
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axia ; the points in whicli tbe axis pierces the surface are called 
she poles ; one the north, the other the south pole. 

§ 166. The circumference of the gi-eat circle whose plane is 
perpendicular to the axis, is called the equator ; and this cir- 
cumference is 90° from the poles. 

^ 167. Circles whose pianea pass through the axis ef tlie 
eai^lh, and which are consequently perpendicular to the equator, 
are called meridians. Twelve entire ckcles, or tweoty-four 
seinicircJes, fifteen degrees distant from each other, are gene- 
riilly represented on the mapsof the earth: the semicffcles are 
called hour circles. Although every point on the surface of 
ihe earth has its meridian, yet, for the sake of convenience, we 
-jhall project the hour circles only. 

§ 168. The distance of any point from the equator, measured 
on the meridian passing ihroBgh i(, is called the latitude of tiie 
■point, aad is north or south according as the place ie north or 
south of the equator. 

§ 109. Small circles paralJel to the equator are called par- 
allels of latitude. 

5 170. The ecKptic is a ^-eat circle making an ang^e of 23° 
30' nearly, with the equator; the points in which it intersects 
ihe equator are caHed the equinoctial points. 

§ 171. The meridian passing through the equinoctial points 
is called the eqidrmctwd cdure, and the meridian which is per- 
pendicular to this last is caHed the sghtitial colure. The points 
in which the solstitial colure intersects the ecliptic are called 
solstitial poims ; the parallels of latitude passing throu^ these 
point* are caHed tropics ; the one north o( the equator the 
tropic of ('ancea', tlie one on the south of it the tropic of Cap- 
ricorn. 

4 172. The parallels rf latilude wnich are 23° 30' distant 
from the poioa, measured on a meridian, are called polar ch-cles ; 
ihe one aroand llie noilh pole the arctic circle, and the ono 
around tlie south pole (he antarctic circle. 

4 173 The horizon of any piai-e is the circumference of a 
great circle whose plane is perpendicular to the radius passing 
tiiFQUgh the place. 
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§ 174. T}welevationof the pole above the lim-ixon of anyplace 
is equal to the latitude of tlial place. For, let (PI. I. Fig. 1) 
HESP be the meridian passing through the place P on the 
surface of the sphere ; HO perpendicular to PP', the horizon, 
NS the axis, and EQ the equator. Tlie arc NH measures ihe- 
elevation of the pole above llie horizon, and QP is the latitude 
of the place (168). But the arc PNH is equal to 90° (173), 
and QPN is also equal to QQP (166) ; taking away tlie common 
part PN, there remains NH equal to PQ ; that is, the elevalion 
of the pole above the horizon of any place is equal to the latitude 
of that place. 

We may a!so remark, that the distance QO from the 
equator to the horizon is equal to NP, the complement of the 
latitude, 

§ 175. The angle included between the planes of two cii-cles 
is equal to the angle contained Lj their axes hmce the axes 
are respectively perpendiculai to the planes This is shown 
in Fig- 1, where NS is the as s of the equator and PP' the 
axis of the horizon : it is evident that the angle NP'P, con- 
tained by the axes, is equal to the ingle HP E cont lined by the 
pianea. 

5 176. The line of measures of aiiy circle is the line of inter- 
section of the primitive plane, and a plane passed through the 
axis of the primitive circle and the axis of the given circle. 
This latter plane is perpendicular to the planes of both the 
circles, since it contains lines respectively perpendicular to 
them : hence, its trace on the primitive plane is perpendicular 
to the line in which the plane of the given circle intersects the 
primitive plane. 
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CHAPTER XII. 



[THOOaATHIC I'EOJECTION. 



§ 177. In this projection, whicli is t!ie same as we have used 
in Descriptive Geometry to represent geometrical magnitudes, 
the eye, or projecting point, being at an intinite distance from 
the plane of projection, the projecting lines through the different 
points to be projected are perpendicular to the plane of pro- 
jection. The manner of making the projections of points and 
right lines has already been shown, and no further i-emarks on 
this part of the subject seem necessary. 

5 178, The projections of all circles whose planes are per- 
pendicular to tiie primitive plane are right Sines (83). 

§ 179. Every cu'cle which is parallel to ,the primitive plane 
is projected into a circle equal to itseif ; for the projecting lines 
through the different points of its circumference form the sur- 
face of a right cylinder ; and the intersections of a right cylin- 
der, by parallel planes, are equal. 

THEOREM I. 

The projeclions of all chcles oblique to the primitive plane are 
ellipses. 

§ 180. PI. I. Fig. 2. Let ADB be a circle in the plane of 
the paper, AB one of its diameters, and CD a radius perpen- 
dicular to AB. 

Revolve the plane of this circle around AB till the pomt 
D shall be elevated above the plane of the paper any con- 
venient distance, as DT)" ; join C and D" ; the plane of the 
triangle D"CD', in its true position, is perpendicular to the 
plane of the paper, though it is now revolved into this plane 
around the axis CD. Tlie angle D"CD' is equal to the angle 
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which the plane of the circle to be projected makes with the 
plane of the paper, and D' is the projection of one point of its 
circumference. Now we have this proportion, CD" : CD' : : 
radius : co-sine of the inclination of the planes. At any point 
of AB, as N, conceive a plane to be drawn perpendicular to it, 
and let this plane be revolved around NI till it coincides with 
the plane of the paper t! e po'nt of wiiicli J' is the projection 
falls at 1", making tl e d an c NI" equiil to NI : the angle 
]."NI is equal to the cl n t on ot the planes ; that is, equal to 
the angle D"CD'. But n le t angle Nl'T we have NI' : 
NI' : : radius : co-s ne of tl e I lation of the planes. Com- 
paring this wilh til pre ou p oportion, we see that the third 
and fourth terms of each are the same; therefore, the first 
couplets are proportional; that is, CD" : CD' :: NI" : NI'. or 
CD'" : CD'' : : Nl"= : NI'=. But CD'^ or CD', is equal to 
AC.CB; and NI"^ or NI', is equal to AN.NB : therefore, 
AC.CB : AN.NB :: CD"* : NF ; that is, the rectangles of the 
ubscissas are to each other as the squares of their corresponding 
ordinates ; and as this is a known property of an ellipse, we con- 
dude that the projections of all circles oblique to the plane on 
ivkich they are projected are ellipses. The semicircle whii;h is 
above the plane of the paper is projected into the semi-ellipse 
AD'B ; the semicircle below the plane of the paper, into the 
semi-eltipse AFB. 

§ 181. We see that the transverse axis AE is equal to the 
diameter of the circle, and that the semi-conjugate axis CD' is 
equal to the cosine of the inclination of the plane to the radius 
of the circle which is projected. If the plane on which the 
projection is made should not pass through the centre of the 
circle, its projection is still an ellipse : for, conceive a plane to 
be passed through its centre paiallel to the primitive plane, the 
projections of the circle on these parallel planes are equal 
carves. The projection of that diameter which is parallel to 
the primitive plane, is the transverse axis of the ellipse ; for 
this diameter is projected into its true length, and ail the other 
diameters, being oblique to the primitive p.ane. are projected 
into lines less than themselves. That diameter ot the circle 
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which is perpendicuJar to the one that is parallel to the primi- 
tive plane, will, in projection, be the conjugate axis of the ellipse. 
For, the two lines being at right angies in space, and one oi' 
them parallel to the plane on which they are projected, their 
projections are also at right angles (51). The conjugate axis 
will evidently lie in the line of measures, since its projecting 
plane is perpendicular both to the primitive plane and to the 
plane of the projected circle. The length of the conjugate axis 
is the same, whether the primitive plane does or does not pass 
thixjugh.the centre of the circle which is projected. The pro- 
jections of all circles made by the orthographic method are 
either right lines, circles, or ellipses. 

5 182. If the whole surface of a sphere were projected on a 
plane passing through the centre, it h evident that each point 
within the circumference of the primitive circle would be tlie 
projection of two points of the surface of the sphere, since each 
projecting line meets the sphere in two points. In order tt) 
dehneate the whole surface, so that each point of projection 
shall represent but one point of the surface, we generally pro- 
ject that hemisphere which is nearest the eye, and then revolve 
the other hemisphere 180°, around a line tangent to the primi- 
tive circle, thus bringing it between the eye and the primitive 
plane ; and then project it from this position. 



PliOBLKM I. 

To project the circles of the sphere mi the plane of the equinoctial 
cohire, 

§ 183. PI. 1. Fig. 3. Let SE'NE he the equinoctial colure, 
and suppose the eye to be situated above the plane of the paper. 

Assume any point, as N, for the place of the north pole, and 
draw the line NIS ; Nl S is the projection of the solstitial colure, 
nnd S is the projection of the south pole. The equator, being 
tigreat circle perpendicular to the primitive plane, is projected 
into EE' perpendicular to NS, and E and E' are the equinoctisil 
pomts. The ecliptic passes through E and E' ; and as it maltea 
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witli the equator an angle of 23^°, it makes with the equinoc- 
tial colure an angle equal to 66^° ; its projection, therefore, is an 
ellipse whose transverse axis is EE', and whose semi- conjugate 
axis is I]^, the cosine of 66i°, to the radius IE. Laying off 
from S, with a scale of chords, or prolracter, SC equal to 66|°, 
and drawing CD parallel to EE', determines ID, the cosine of 
66|% and the semi -conjugate axis of the ellipse EDE. The 
projections of ail the meridians have the common transverse 
axis NS ; and laying off from I, on their common line of meas- 
ures EE', the cosines of 15°, 30°, 45°, &c. determines the 
extremities of their conjugate axes, and having the axes, the 
ellipses are easily described. The half of the meridian which 
lies above the plane of the paper, and makes with it an angle 
of 60°, is projected into the semi-ellipse SFN; LF, the cosine 
of the inclination, is equal to half the radius IE'. The semi- 
meridians which lie between the solstitial colure and the semi- 
circle NES are projected by laying off the cosines of their 
inclinations from I towards E, 

The parallels of latitude, being perpendicular to the primitive 
plane, are projected into right lines (82). To find the projec- 
tion of the arctic circle, lay off from N to A' 23^°, and draw AA' 
parallel to EE' ; A'A is the projection of the arctic circle. The 
projection of the tropic of Cancer is found by laying off IVE 
equal to 66i°, and drawing through B a parallel to EE'. The 
antarctic circle and the tropic of Capricorn are found in a 
similar manner. The projection of the tropic of Capricorn 
passes through D, and is tangent to the ellipse EDE' ; for D is 
the projection of the southern solstitial point, at which point the 
ecliptic touches the tropic in space. 

Let the hemisphere which is behind the plane of projection 
be revolved 180° around a line through E' parallel to NS ; 
this brings the hemisphere in front of the primitive plane. It 
now has the same position with the primitive plane as the hemi- 
spheie which has been projected, and its projection is made in 
a similar manner. The line E'Q is the projection of the remain- 
ing half of the equator, and E'D'Q of the remaining half of the 
ecliptic. The line N'S' is the projection of the half of the sol- 
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sUtial colure corresponding to NS, and N'GS' the jirojection 
of the half of the meridian corresponding to SFN; the projec- 
tions of the parallels of latitude are also drawn in the figure. 

§ 184. If the projection of the sphere were made on thesol- 
stiiial colure, it would be the same in eserj' respect as the one 
just constructed on the equinoctial colure, excepting that the 
ecliptic would he projected into the right line C!B passing 
through the centre of the primitive circle ; for, the solstitiaS 
colure is perpendicular both to the ecliptic and equator. Con- 
ceive the line EDE'D'Q to be removed, and the figure will 
represent the projection of liie sphere on the plane of the sol- 
Btilial colure. 



To project the sphere on the plane qftJie eipiator. 

5 185. P1.2. Fig 1. Let AEBD represent the equator, and 
suppose the eye to be placed on the north of it : under this sup- 
position the noi-tbern hemisphere will be first projected. 

The meridians are projected in right lines passing through 
the centre N: for the planes of the meridians are perpendi- 
cular to the primitive plane and pass through the axis of the 
sphere, and the axis is projected at N. The centre N is also the 
projection of the north pole. Let A and B be assumed for the 
equinoctial points; ANB is the projection of the equinoctial 
colure, and DNE of the solstitial colure. To project a meri- 
dian making any angle with tlie equinoctial colure ; ky off from 
A an arc AF equal to this angle, and through the extremity P 
draw the diameter FNN' : this hue is the projection required. 
Every diameter passing through N is the projection of a meri- 
dian. The ecliptic makes an »ngle of 23^° with the equator, 
and passes through the equinoctial points A and B : hence AB 
is the transverse axis, and Ni the cosine of 93^°, the semi- 
conjugate axis of the ellipse into which it is projected. 

The parallels of latitude being parallel to the primitive plane, 
their projections wre circles (179); N, the projection' ttf the 
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axis of the sphere, is their common centre, and the radii witli 
\vhi<:h they are described arc the sines of their polav distances ; 
for the radius of any small circle of tlie sphere is equal to the 
sine of its polar distance. The projections of the tropic of 
Cancer and the arctic circle are described about N as a centre, 
and with radii respectively equal to the sine of GGf, and the 
sine of 23^°. The projection of the tropic of Cancer passes 
through the point I. By revolving the southern hemisphere 
in front of the primitive [)lane, around a line tangent to tlie 
primitive circle at B, its projection can be made in the same 
inanner. The remaining half of the ecliptic, the anturclic circle, 
whose radius is SQ', equal to the sine of 93j°, the tropic of 
Capricorn, whose radius is SI', and the meridians made in the 
%ure, are easily recognised. 



PROBLEM III. 

Tb project ihe spitere on the horizon of any place ; that place. 
Jot example, Ote latitude of loliich is 45° north. 

§ !86. PI. 3. Fig. 3. LetADBC be the horizon, and A and 
B the equinoctial points. The elevation of the pole above the 
horizon is equal to 45°, the latitude of the place (174). 

The eqainoctia! colure passes through the points A and B, 
and makes an angle with the horizon equal to the elevation of 
the pole above it ; that is, equal to the latitude of the place. 
The line AB is the transverse axis of Ihe ellipse into which it 
IS projected ; and ON, the cosine of 45", is its semi- conjugate. 
Tlie semi-ellipse ANB is the projection of that part of the colure 
which is above the horizon. The point N is the projection of 
(.he noi th pole, and CN is the versed-sine of the latitude. The 
equinoctial colure intersects the planes of the parallels of latitude 
in lines parallel to AB, its intersection with the equator ; that 
is, in lines parallel to the primitive plane, since AB is a line of 
that plane. These lines are diameters of the parallels of lati 
tilde, their projections are equal to the lines themselves, and 
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are the transverse axes of the ellipses into wiiich the parallels 
are projected ; and the vertices of these axes are all found in 
the projection of the equinoctial colure. Let the plaiie of the 
equinoctial colure be revolved around AB til! it coincides with 
the primitive plane. The pole falls at C. From C lay off 23^" 
to E ; the chord EG is the line of intersection, in its revolved 
position, of the plane of the equinoctial colure and the plane of 
the arctic circle. Let the plane be revolved back again ; E'G' 
is the projection of this diameter, and is the transverse axis of 
the ellipse into which the arctic circle is projected. In like 
manner, making CL equal to f>6-J°, drawing LP parallei to AB, 
erecting the perpendiculars LL' and PP' to AB, determinca 
L'P', the transverse axis of the ellipse which is the projection 
of the tropic of Cancer. The transverse axes of the projec- 
tions of any number of parallels of latitude may be found in 
the same manner. 

To find the conjugate axes. The points in ivhicli the trans- 
verse axes intersect the line CD are the centres of the ellipses. 
The planes of the parallels of latitude, being parallel to the 
plane of the equator, make the same angle vfilh the pi'imitive 
plane ; that is, an angle equal to the complement of the latitude, 
or 45°. Find then the cosine of 45° to the radius of the par- 
allel ; this cosine is the semi-conjugate axis of the ellipse into 
which the parallel of latitude is projected. The conjugate axis 
is determined by laying off this distance on both sides of the 
centre of the ellipse in the line CD (180). Those parallels of 
latitude whose northern polar distances are less than 45° will 
be entirely above the horizon, and will therefore be seen, while 
those whose polar distances are greater than 45° pass below the 
horizon, and therefore a part of them will not be seen. The 
tropic of Cancer passes below the horizon at the points b and «. 

The equator and ecliptic will be next projected. The line 
AB is the transverse axis of the ellipse which is the projection 
of the equator. Laying off from O the distance OU equal to 
the cosine of 45°, OU is the semi-conjugate axis. The semi- 
ellipse AUB is the projection of that part of the equator which 
b above the primitive plane. If that half of the ecliptic whieb 
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19 on the upper hemisphere lie between the equator and north 
pole, it would make with Ihe primitive plane an angle greater 
than the angle which the equator makes by 33^° ; but if it lie 
between the equalor and south pole, it will make with the 
primitive plane an angle less than the angle which the equator 
makes by 23^°. It is taken in the latter position. AB is the 
li-ansvcrse axis of the ellipse into which it is projected, and OU', 
equal to the cosine of 21-^, is the semi-conjugate axis, and 
AU'B is the projection of that part of the ecliptic which is above 
the primitive plane. 

To project the meridians. Let a tangent plane be drawn 
to the sphere at its north pole: this plane will be perpendicular 
to the axis, and will intersect the planes of the meridians in lines 
making angles of 15° with each other ; the points in which 
these lines pierce the primitive plane are points of the traces 
of the meridian planes. To pass this plane. Suppose the 
plane of the solstitial coluie to be revolved around CD till it 
coincides with the primitive plane ; the solstitial colure then 
coincides with the primitive circle, and the pole falls at N'. 
Through N' draw the tangent line N'S ; the point S, in which 
it meets DO produced, is a point of the trace of the tangent 
plane. But, as the plane is to be perpendicular to the axis of 
the sphere, its trace must be perpendicular to the projection of 
the axis (49) ; therefore SH, drawn perpendicular to DS, is 
the trace of this plane. Let this tangent plane be revolved 
around its trace SH, from the sphere, till it coincides with the 
primitive plane ; the pole falls at N", SN" being made equalto 
SN'. Drawing N"E, making the angle SN"R equal to 15'^, 
determines R, a point of the trace of the meridian plane which 
makes an angle of 15° with the solstitial colure ; for N"R is the 
revolved position of the intersection of this meridian plane with 
the tangent p!ane, and the point R, being in the trace, remains 
fixed. But the point O is another point of the trace of this 
meridian plane ; the trace can therefore be drawn. Laying 
off the angle SN'R' equal to 30° determines R', a point in the 
trace of the meridian plane that makes an angle of 30° with the 
solstitial coiure. Thus, laying off at N' and from the lino 
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N"D, an angle equal to the angle whicJi any meridian plane 
makes witii the solstitial colure, determines a point of its trace 
on the primitive plane. The line N"H" makes an angle of 45° 
■with N"D : hence, R"C'V is the trace of that meridian plane 
which makes an angle of 45° with the solstitial colure, and 
C'V is the transverse axis of the ellipse into which the meridian 
is projected. In a similar manner, the transverse axis of the 
ellipse into which any meridian is projected can be found, ll 
only remains to find the conjugate axes, and then the ellipses 
can be described. To find the conjugate axis of the ellipse 
whose transverse axis is C'V. Through the pole let a plane 
be drawn perpendicular to C'V ; NA' is its horizontal trace. 
Let this plane be revolved to coincide with the primitive plane ; 
the pole falls at P" ; A'P" is the intersection, revolved, of the 
perpendicular and meridian planes, and P"A'N is equal to the 
imgle included between the meridian and primitive planes. 
Find the cosine of this angle to the radius of the primitive 
circle, and lay it off from O to S', in the line of measures OS' ; 
OS' will be the semi -conjugate axis. Or, the semi- conjugate 
axis may be found by a better construction, thus : produce A'N 
and OS' till they meet the circumference of the circle in the 
points N" and S". Draw the line S"N", and produce it till it 
intersects VCR" at M. Draw a line through M and N ; the 
point S', in which it meets OS", is the extremity of the semi- 
conjugate axis. The semi-ellipse VS'C is the projection of that 
part of the meridian which is above the primitive plane. In the 
same manner any number of meridians can be projected. The 
other hemisphere is revolved in front of tlie primitive plane, 
and its projection made in the same way. The figure shows 
the circles that are projected. 

§ 187. By considering the principles of the orthographic 
projection, we see that if the primitive circle be a great circle 
of the sphere, all the points of the surface are projected within 
it, and that the projection of any point is at a distance from the 
centre of the primitive circle equal to the sine of the arc inter- 
cepted between the point on the surface of the sphere and either 
Dole of the primitive circle. 
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1 GEOMETRY. 

The poles of any circle are projected in its line of ii 
at distances from the centre of the primitive circle equal to the 
sine of its inclination. They are projected in the line of mea- 
sures, since they are projected in the trace of the plane passing 
through the poles and peipendicular to tlie primitive p!:ine (1 76). 
They are projected at distances from the centre oi' the primi- 
tive circle equal to the sine of the inclination ; since the arcs 
intercepted between the poles of the primitive circle and 
the poles to be projected, arc equal to tlie inclination of the 
circles (175) 



CHAPTER XIH, 

OP THE STEIiEOGRAPIIiC 



§ 188. Tn this projection, llie eye, or projecting pomt, is sup- 
posed to be at the pole of the primitive circle (161). 

§ 189. The projection of any point of the surface of a sphere, 
is the point in which the line drawn through it and the eye 
pierces the primitive plane. 

5 190. The tangent of half an arc is called the semi tangent 
of the arc; thus, if the arc be sixty degrees, its semi-tangent is 
tiie tangent of thirty degrees. 

§ 191. The polar distance of a point is its distance from that 
pole of tlie primitive circle which is opposite the eye, 

THEOREM I. 

The projection of any jwint of the surface of a sphere is at a 
distance from the centre of the primitive circle equal to the 
semi-tangent of its polar distance. 

§ 192. P!. 3. Fig 3. Suppose a plane to be passed through 
the point to be projected and the asis of the primitive circle, 
.ind let the plane of the paper be this plane : ACPB is the cir- 
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cumference of the circle in which it intersects the sphere. 
Let A be the place of the eye, or projecting point, and EC the 
trace of the primitive plane ; this trace is perpendicular to AP, 
since AP is the axis of the primitive circle. I,et D be the point 
to be projected. Draw the line AD ; the point D', in which 
it pierces the primitive plane, is the projection of the point D. 
With A as a centre, and radius AP', let the arc P'E be described. 
The angle DAP, being at the circumference, is measured by 
half the arc PD ; but P'D' is the tangent of the angle P'AD' to 
the radius of the primitive circle ; it is therefore the semi-tan- 
gent of the polar distance PD (190). 

§ 193. It follows, from the preceding demonstration, that the 
projections of all points which have equal polar distances are 
equidistant from the centre of the primitive circle : hence, all 
circles which are parallel to the primitive plane are projected 
into circles ; tJie radii of the projections of such circles are the 
semi-tangetils of their polar distances. 

§ 194. The tangent of 45° being equal to radius, it follows 
that when the primitive plane passes through the centre of the 
sphere, all points wliose polar distances are less than 90° will be 
projected within the circumference of the primitive circle, and 
all points whose polar distances are greater than 90° without 
it. The polar distances of the points of the primitive circle 
being 90°, it follows that they are neither projected without nor 
xdthin it, but in it : hence, the primitive circle is its own pro- 
jection. The polar distance of the pole opposite the eye being 
nothing, this pole is projected at the centre of the pi-imitive 
circle ; and the eye, whose polar distance is 180°, is pi-ojocted 
at an infinite distance from the centre of the primitive circle. 
Et is easily shown from the figure, that all points of the semi- 
sircle BPC are projected within the primitive CTrcle, and all 
points of the semicircle BAG without it. If through the eye, 
at A, andany point of the surface of the sphere, aline be drawn, 
and the point be then moved along the surface of the sphere 
towards A, the line will make a less and less angle with the 
primitive plane, and when the point unites with A the lino 
becomes parallel to the primitive plane and tangent to tlie 
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sphere. Hence the eye is projected on the primitive plane at 
an infinite distance from the centre of the primitive circle. 

§ 195. If the plane of a circle pass through the eye, the pre- 
Jectton of the circle is a right line. For, the lines which are 
drawn frum the eye to the different points of the circumference 
are contained in the plane of the circle, and therefore pierce 
the primitive plane in the line Jn wliich it is intersected by the 
plane of the circle ; that is, in a right line : hence, t!ie projections 
of all circles whose planes pass through the eye are right lines. 
The projections of the great circles of the sphere pass through 
the centre of the primitive circle. 

§ 196. The projections of right lines which pass through tlie 
eye are points. Right Imes which do not pass through the eye 
are projected into right lines. For, if through the eye lines be 
drawn to the different points of the right line to be projected, 
they formaplane; the intersection of this plane vi'ith the primi 
live plane is the projection of the line. 



THEOREM n. 

The projections of all circles oblique to the primitive plane, and 
whose planes do not pass through the eye, are circles. 

5 i97. PI. 2. Fig. 3. Let the circle to be projected be a 
smail circle. 

Through the axis of the circle and tJie axis of the primitive 
circle suppose a plane to be passed : this p!ane_ may be taiten 
for the plane of the paper. The circle ACOB is its intersec- 
tion with the sphere. The primitive circle and the circle to 
be projected are perpendicular to this plane. Let A be the 
position of the eye, CB the trace of the primitive plane, and ED 
the orthographic projection of the circle to be projected. Con- 
ceive the circle to be circumscribed by a cone of which A is the 
vertex : the intersection of this cone by the primitive plane is 
the projection of the circle. It is then to be shown that this 
intersection is a circle. 

The point D is projected at D', and the point E at E'. TiiP 
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angle AED being at the circumference, is measured by half 
the arc ABD ; the angle DD'B, formed by the intersection of 
twochords, ismeasuredbyhalf thesumofthearcs AC and BD, 
or half the arc ABU : hence, (he angles AED and AD'E' 
are equal. The triangles AED and AE'H have the angle 
EAD common ; they are consequently equiangular, and have 
the angle ADE equal to the angle AE'D' : hence, the intersec- 
tion of the cone by the primitive plane is a sub-contrary section, 
and therefore a circle.* But this intersection is the projection 
of the oblique circle : hence, the projection of everj' small circle 
oblique to the primitive plane is a circle. If the primitive plane 
be revolved around CB till it coincides with the plane of the 
paper, the projected circle will be represented by the circle 
described on the diameter E'D'. 

§ 1!)8. Had the line ED passed through ttie centre O', the 



* A cone whose axis is oblique to the plane of its liase ia called a scalene cone ; 
anc] if it have a circulat baBB, a Ecalono cone with a circular base. If the surface 
of aucii a cone be intersected by a, plane parallel to its basB, the section is a 
aicle ; a cutting piano may be obliquo to the plane of the base, in a cerUuii 
imgle, and still intersect the surface in a circle. Let ABC (PI. a. Fig. 4) be 
the triangle in which a scalene cone with a circular base is intersected by a, 
plane passing tbiougb its axis and p^rpendicutar to the plane of its base. The 
line BC is the orthographic projection of the base on the plane of the paper. If 
any plane, as EF, be drawn perpendicular to the plane of the triangle ABO, 
and mating the angle AEF equal to the angle ABC, or tlia Migle AFE equal 
to the angle ACIl, this plane EF will intersect the surface of the cone in a 
circle, and the section is called n sab-cmttTary section. Through any point of 
FE, as I, let the plana LIM be drawn parallel to the plane ef the bose BHC. 
The plane LIM intersects the plane FIE in a lino perpendicular to the plane of 
the paper at the point I; this line is a coiinnon ordinate of the two curves in 
which the planes intersect the surface of the cone. Since the angle AEF is 
equal to the angle ABC, that is, to the equal imgle ALT, and the opposite angles 
EIM and I,IF are equal, it follows that the two triangles LIF aud EIM are 
equiangnlnr : 

Therefore, LI ; FI : ; IE ; IM ; 

Hence, LI.IM = FI.IE. 

But, since the plane HM intersects the surface of the cone in a circle, L!.IM is 
equal to the square of the ordinate at the point I : hence FI.IE is also equal to 
the square of Lhe ordinate of the Curve in which the plane FIE inteoieotH the 
surface of lhe cone ; consequently, that curve ia a circle. 
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circle projected would have been a great circle. It can be 
shown, by similar reasoning, ihat the cone having such a circle 
for its base and A for its vertex, would be cut by the primitive 
plane in a sub-contrary section. 



THEOREM III. 

If at o.ny pninl of the surface of a sphere a line be draiim tan- 
gent to t}ie sphere, and produced till it meets the primitive 
plane, the part intercepted between the point of contact and 
the primitive plane is equal to its projection. 

§ 199. PI. 3. Fig. I. At the point of contact conceive a 
plane to be drawn tangent to the sphere ; this plane will con- 
tain the tangent line (88). 

Let a pi b p d through the point of contact perpen- 
dicular t the t rj nt nd primitive planes, and take this plane 
for the pi n f tl e paper : ABDC is the circle in which it 
intersect tl [\ BCE is the trace of the primitive plane, 
A the pi f tl je, and D the point of tangency. The 
plane of tl p p tersects the tangent plane in a line tan- 

gent to tie ]e n h ch it intersects the sphere : hence, DE, 
dniwn t nt 1 tl cle at D, is the trace of the tangent plane. 
Since the tangent and primitive planes are perpendicular to ihe 
plane of the paper, their intersection is perpendicular to it ; 
therefore, EF, drawn perpendicular to the plane of the paper 
at E, is the intersection of these planes. Every tangent line to 
the sphere at D pierces the primitive plane at some point of the 
line EF. Let the tangent which pierces it at E' be first pro- 
jected. The point D is projected at D', and E is. its own pro- 
jection'; thereibre, D'E'is the projection of the tangent, and il 
only remains to be proved that this projection is equal to the 
tangent DE' in space. The angle ADE, bemg formed by a 
tangent and chord, is measured by half the arc ACD; the 
angle DD'C, being formed by two chords, is measured by half 
the sum of AB and CD, or half tlie sum of AG and CD, or 
half of ACD: hence, the triangle EDD' ii isosceles, and ED is 
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equal to ED'. But DE', in space, is the hypothenuse of a 
triangle of which DE is the base and EE' the pfirpendicnlar : 
D'E' is the hypothenuse of a triangle of which D'E is the base 
and EE' the perpendicular : as tlie bases of these right-angled 
triangles are equal and their perpendiculai-s the same line, it 
follows that their hypothenuses are equal. But DE' is the tan- 
gent line in space, and D'E' is its projection ; therefore, the 
tangent line intercepted between the point of contact and the 
primitive plane is equal to its projection. 

§ 200. Drawing another tangent at the point D, as DF, it 
■will pierce the primitive plane at F, and its projection D'P is 
equal to itself. The angle E'DF, which the tangents make with 
each other in space, is equal to the angle E'D'F contained by 
their projections. For, in the triangles DE'F and E'D'F the 
side DE' is equal to D'E', DF to D'F, and tho side E'F com- 
mon ; the two triangles are therefore equal, and the angle E'DP 
is equal to the angle E'D'F ; that is, the angle contained by the 
tan^fmts in space is equal to the angle contained by tlieir pro- 
jections. 

5 20 i . If a rigid line be tangent to a circle of the sphere, the 
projection of the right line is tangent to the projection of the 
circle. For, the projection of the circle is the intersection by 
the primitive plane of the cone of which the circle Is the base 
and the eye the vertex ; the projection of the right line is the 
intersection of the plane passhig through it and the eye, with 
the primitive plane ; but the plane which projects the line is 
tangent to the cone which projects the (;ircle ; their intersec- 
tions with the primitive plane, are, therefore, tangent to each 
otiier. 

^ 203. Tfte angle formed bij the arcs of two circles intersecting 
on the surface of a sphere is eipeal to tfie angle contained by 
their projections. For, the angle contained by two arcs inter- 
secthig on the surface of a sphere, is measured by the angle con- 
tained by two right lines drawn t;mgent respectively to the arcs 
at their point of intersection : tho angle contained by the pro- 
jeclions of these arcs is also mr-asnred by the angle of their 
laOKenls ; but tho projections of the tangents are tangent to 
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the projections of the arcs (201) ; and the angle contained by 
the projections of the tangents is equiil to the angle of the tan- 
gents in space : hence, the angle contained by the projections 
of the arcs is equal to the angle formed by the arcs on tlie sur- 
face of the sphere. 

5 203. If from the centres of the projections of two circles 
radii be drawn to the points in which their circumferencea 
.'jitersect, they will make tiie same angle with each other as 
the two tangents drawn to the circles at the same point, since 
they are respectively perpendicular to the tangents. 

Hence, the radii drawn through either point in which the 
projections of circles intersect, make an angle with each other 
equnl to that which the circles themselves formed on tiie sur- 
face of the sphere. 



THEOREM IV. 

T'be centre of t!ie pr(^ection of a great circle is in the line of 
measures, at a distance fi om the centi e of the primitive circle 
equal to the tangent of the inclination of the circles; and the 
adins with which the jyrojeclion is de^cnbed is equal to tlie 
secant of ike indination. 

§ 204. PI. 4. Fig. 1. Let ACA'B be a circle passed through 
the axis of the primitive circle and ihe axis of the circle to be 
projected, A the place of the eye, P"'ED' the trace of tiie 
primitive plane, and ED the orthographic projection of the circle 
to be projected: I""BD' is its line of measures (176). 

The point D is projected at D', and the point E at E' ; E'D' 
is a diameter, and S, the middle of E'D', the centre of the circle 
into whicli ED is projected. With S as a centre, and SE' or 
SD' as radius, let the circle he described in the primitive plane. 
Since all lines in the primitive plane are projected orthographi- 
cally in P"'D',they can only he presented to the eye by revolving 
the primitive plane to colnciile with the plane of the paper. 
Let it be revolved around P"'D': the points E', S, and D' remain 
fixed, being in the axis ; the point directly over falls at A', 
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Hie primitive circle coincides with the circle ACA'B, and AD' A' 
is the projection of the circle DE. As the primitive circle is 
its own projection, it follows that the angle SAO is equal to the 
inclination of the circles (203) ; , that is, equal to the angle EOB. 
But OS is equal to the tangent of the angle SAO, to the radius 
of the sphere, and AS is its secant ; therefore, the centre of the 
circle AD'A' is in the line of measures at a distance from the 
centre of the primitive circle equal to the tangent of the inclina- 
tion, and its radius is equal to the secant of the inclination. 



THEOREM V. 

The poles of a circle are p-ojecled in its line of measures ; the 
one fartliest from the eye, at a distance from the centre of the 
pHfnitive circle equal to tlte semi-tangent of the inclination of 
the circles ; the one nearest the eye, at a distancefrom the centre 
of the primitioe circle equal to the semi-cotangent of the 
inclination. 

§ 305. Since the UKia of every circle of the spliere passes 
through the centre of the sphere, a plane can be drawn through 
the poles to be projected and the axis of the primitive circle. 
As this plane passes through the eye, the poles will be pro- 
jected in iis trace; that is, in the line of measures of the circle 
to which they belong (176). 

Let DE (PI. 4. Fig. 1) be the orthographic projection of a 
circle. Pi" its axis, P and 1" its poles, and AA' the axis of the 
primitive circle. The pole P is projected at P", and the pole 
P' at P'". The angie A'OP is equal to the inclination of the 
circles (175) ; and the angle A'AP is half this angle, being an 
angle at the circumference, and standing on the same arc A'P, 
But OP" is the tangent of the angle P"AO ; it is therefore the 
semi-iangent of A'P, or the semi-tangent of the inclination. 
The angle PAP' is a right angle, being an angle in a semicircle ; 
therefore, OAP'" is the complement of OAP, or the comple- 
ment of half the inclination of the circles : consequently, OP"', 
the tangent of the angle OAP'", or the cotangent of OAP", is 
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the cotangent of half the inclination of the circles, or semi- 
cotangent of their inciination. 

Since the poles of a great circle and of a small circle parallel 
to it are the same, it is evident that the poles of a small circle 
are also projected in its line of measares, and at distances from 
the centre of the primitive circle eqnal to the eemi-tangent and 
semi-cc tangent of its inchnation. 



THEOREM Vr. 

The centre of Hie prt^sction of a small circle perpendicular to 
tite primitive plane is in the line of measures, at a distance 
from the centre of the primitive circle equal to the secant of the 
circlets polar distance, and the radius of the projection is equal 
to the tangent of tJie polar distance. 

§ 206. PI. 4. Fig. 3. Let ADEB, in the plane of the paper, 
be the circle in which the plane through the axis of the primi- 
tive circle and the axis of the lesser circle intersects the sphere, 
A the place of ihe eye, D'B the trace of the primitive plane, 
and ED the diameter of the lesser circle to be projected 

The extremity D of the diameter is projected at D , tlie 
extremity Eat E', and E'D'is a diameter of the projected circle. 
Bisect it at G, and suppose the circle to be described in the 
primitive plane. Let the primitive plane be revolved around U'B 
to coincide with the plane of the paper. The primitive circle will 
then coincide with the circle ADEB,and DE'EW is the projected 
circle tlnis revolved. The lines DO and DG, passing through 
D, the point in which the circumferences of the circles inter- 
sect, are perpendicular to each other, since the circles are al 
right angles in space (203) ; GD, therefore, is tangent to tlie 
circle ADEB. But CD is the polar distance of the small circle^ 
GD is the tangent, and OG is the secant of this arc ; therefore, 
the distance from the centre of the primitive circle fo the centre 
of the projected circle is equal to the secant of its polar dis- 
tance, and the radius with which it is descriiied to the tangent 
of the polar distance. 
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THEOREM VII. 

The extremities of a diameter of a small circle oblique to tJie 
primitive plane are projected in its line of measures, at dis- 
tances from the centre of the primitive circle equal to tlie semi- 
tangent of the inclination plus tlie polar distance, and tke 
semi-tangent of the difference hetuxen tke inclination and 
p<dar distance ; the projections of these extremities are on tlie 
same, side of the centre of the primitive circle wfien the polar 
distance is less than tlie inclijiation, and on different sides 
when it is greater. 

5 207. PI. 4. Fig, 3. Suppose the plane of Uic paper to 
pass through t!ie axis of the primitive circle, and the axis of 
the circle to be projected ; and let ABA'C be the circle in 
which it intersects the sphere. Let A be the position of the 
eye, AA' the axis of the primitive circle, OP the axis of the 
circle to be projected, and IIG its orthographic projection ; 
PG is its polar distance, and PA' its inclination. 

The point H is projected in the line of measures at H', a dis- 
tance from the centre of the primitive circle equal to the semi- 
tangent of A'H ; that is, tlie semi-tangent of AT the inclination, 
plus PII the polar distance. The point G is projected at G', a 
distance from the centre of the primitive circle equal to the 
semi-tangent of A'G; that is, the semi-tangent of the inclina- 
tion A'P, minus the polar distance GP : G'H' is a diameter of 
the circle into which the circle !IG is projected. 

For the second case, take a circle parallel to GH, and whose 
orthographic projection is DE. The polar distance PD of this 
circle is greater than PA', its inclination. It is plain that the 
point D is projected at D', and tlie point E at E', The line 
OD'is the semi-tangent of A'D; that is, of PD minus PA': 
hence OD' is equal to the semi-tangent of the polar dis- 
tance minus the inclination. It is plain, that OE' is equal to 
the semi-tangent of A'PE; that is, equal to the semi-tangent 
of the inclination A'P, plus the polar distance PE. In the 
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second case, therefore, the extremities of that diameter which 
is in the hne of measures correspond in their poaitions to the 
enunciation of the test. 

§ 208. If the inclination of either of the circles, as DE, were 
equal to its polar distance, the point D would be at A', and 
would be projected at O, the centre of the primitive circle. 
Hence, the projections of all small circles whose polar distances 
are equal to tlieir angles of inclination, pass ilvrough the centre 
of the primitive circle. 

§ 209. if the surface of an entire sphere were projected on 
the same plane, without changing the position of the eye, that 
part of it tying between the eye and primitive plane would be 
projected without the primitive circle ; small circles near the 
eye would be projected into very large circles, and circles near 
the opposite pole would be projected into circles much less 
than tliemselves. Thus, the magnitudes of circles would bear 
little proporiion to that of their projections ; equal circles of 
the sphere would be imequal in projection, and the projection 
of the sphere made after this method would rather confuse than 
aid the mind in conceiving of its different parts. To remedy, 
in some degree, thb defect of the stereograpliic projection, we 
generally project the hemisphere between the primitive plane 
and the pole opposite the eye ; then revolve the other hemi- 
sphere 180° araund a line tangent to the primitive circle, and 
suppose (he eye to be removed parallel to the primitive plane, 
till it comes into the axis of this hemisphere after it is revolved : 
the hemisphere is then behind the primitive f Jane, and the eye 
m the pole of the primitive circle. If from this position the 
hemisphere be projected, we shall have the nrojection of the 
entire sphere on the same plane. 
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To project tlm splterc im the plane, of the cquato? . 

^210. Let the eye be supposed at the soiith pole; the nortl> 
erii hemisphere will then be first projected. 

LetFAGB (PJ.4. Fig. 4) be the equator; the eye is in a perpen- 
dicular to the plane of the paper at N, and at a distance from it 
equal to the radius NA, The northern hemisphere lies behind 
the primitive plane. The north pole is projected at the centre N, 
Let A and B be the equinoctial points : AB is the line in which 
the plane of the ecliptic intersects tlie plane of the equator. 
The ecliptic passes through the points A and B, and makes an 
angle of 23^° with the equator ; its line of measures is FG (176), 
which contains the centre of the circle into which it is pro- 
jected (204). At the point A make the angle NAO equal to 
33^° ; the line AO will pass through the centre of the circle 
into which the ecliptic is projected (203) ; O is, therefore, the 
centre of this circle. With this centre, and radius OA,let the 
arc AEB be described ; this arc is the projection of that half 
of the ecliptic which lies north of the equator. The centre O 
might have been found by making NG equal to the tangent of 

231° (^04)- 

The planes of the meridians, passing through the axis of the 
earth, must pass through the eye, and will consequently be 
projected into r^ht' lines (195) ; but, as they are great circies, 
their projections pass through the centre of the primitive circle 
(195). The projections of the meridians are, therefore, deter- 
mined by laying off from A arcs equal to 15", 30"^, 45°, &c., 
and drawing diameters through their extremities. The line 
A.NB is the projection of the equinoctial colure, and GNF of 
the solstitial colure ; the projections of four other meridians are 
also drawn in the figure. 

The parallels of latitude, being parallel to the primitive plane, 
the radii of their pi-ojections are equal to ihe semi -tangents of 
then- polar distances (lOai. To project dio arctic circle. Make 
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the angle NFI equal to half of 23^° ; NI is the serai-tangent 
of 23 j° .to ihe radius of the sphere. With NI as a radius and 
N as a centre, describe a circle ; it will be the projection of the 
arctic circle. In like manner, making the angle NFD equal 
to half of 665° determines ND, the radius of the circle into 
which the tropic of Cancer is projected. The projection of the 
tropic of Cancer is tangent to the projection of the ecliptic at 
K. The principles used in projecting the arctic circle and the 
tropic of Cancer are equally applicable in projecting any of the 
parallels of latitude. 

Let the semi-sphere, which is in front of the primitive plane, 
be now revolved 180° around a line tangent to the primitive 
circle at B. The eye is supposed to be moved parallel to the 
primiiive plane till it is projected at S. As the hemisphere, 
primitive plane, and eye have the same relative positions as 
they had in the projection which has just been made, it foUows 
that the circles of Uie hemisphere will be projected in tlie same 
manner. The arc BE'A' is the projeclion of the half of the 
ecliptic corresponding to AEB ; G'E'F' is the projection of the 
half of the solstitial colure corresponding to GF ; BA' is the 
projectioji of the half of the equinoctial colure corresponding 
to AB ; the small circles described about the centre S are the 
projections of the antarctic circle and tropic of Capricorn. 
The diameters passing through S are the projections of the 
meridians. 



PROBLEM H. 

To project the sphere on the plane of the equinoctial colure. 

§ 211. PI, 5. Fig. 1. Let SBNQ be the plane of the equi- 
noctial colure, N the place of the nortli, and S the plane of the 
south pole : Q and B the equinoctial points. 

Since the meridians pass through the poles, their projections 
pass through the projections of the poles N and S, and their 
planes intersect the primitive plane in the hne SN.' The line 
QBE, drawn through 0, the centre of lh<i primitive circle, per 



Hosted by 



Google 



■JTYa^-'^. 




Hosted by 



Google 



SPHEUICAL PROJECTIONS. 141 

pendicukr to NS, is the line of measures of ali the meridians 
(176), To project any meridian, as the one, for example, that 
makes an angle of 3U° with the primitive circle. At either 
pole, as S, lay off an angle OSD equal to 30° ; the point D, in 
which the line SD meets the line of measures, is the centre of 
the projection of the meridian (203). With D as a centi-e and 
radius DS, let the meridian SEN be described. The centre 
D could also be found by laying off from O, in the line of 
measures, OD equal to the tangent of 30° the angle of inclina- 
tion of the meridian with the primitive plane. After the 
same manner the other meridians are projected. Tiie line 
SON ia the projection of the solstitial colore. The equator 
passes through the eye, and its projection is the right line QOB. 
The ecliptic passes through the points Q and B, and makes an 
ingle of 66 j" with the primitive plane ; NS is its line of measures. 
If, on the hemisphere which is behind the primitive plane, the 
ecliptic lies between the equator and south pole, lay off from O. 
in the direction ON", the tangent of 66^°; with the extremity 
of this line as a centre, and the distance to Q as radius, describe 
the arc QFB, which will be the projection of that half of the 
ecliptic that lies behind the primitive plane. If, on the hemi 
$phere behind the primitive plane, the echptic had been situated 
between the equator and north pole, the radius of its projection 
would have been laid off from O in the direction OS. 

The parallels of latitude are perpendicular to the primitive 
plane, and SN is their line of measures. In projecting tliem, 
we shall begin with the arctic circle. From N Say off the arc 
N/ equal to S3i°; draw NC perpendicular to SN, join 0/, 
and produce it to C. The line OC is the secant and NC the 
tangent of 83^° to the radius of the primitive circle. With 
as a centre and radius OC describe. the arc CC ; with C as a 
centre and radius equal to CN or Cy describe the arc/I ; this 
arc is the projection of the arctic circle. We determine, by 
similar constructions, ba the projection of the tropic of Cancer, 
and cFd, the projection of the tropic of Capricorn (206). 

Let the semi-sphere which is in front of the primitive plana 
be now revolved behind it, around a line tangent to the prims 
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live circle at B ; tlie projections of its different circles can then 
be made bj constiucUons entiitl'i simUi to tl o o ilieicK 
given. 

§ 213. Tht, projection of the spiiei e on the plane of the sol 
stitial colure is made in the same manner s its piojectun on 
the plane of the equinoctial colu e excepting that the ecliptic 
being perpendicul ir to the primitive phne mstead of bein^ 
oblique to it in an angle of 6G ° is projected into a r ght line 
passing through the centie ot the pnmiti\e circle and mak no 
an angle of ii^° with the pr jection of the cquatoi Draw 
iog the lines bOd and d'b', matdng angles of 93i° with QR, the 
pi-ojection of the equator, and supposing the curve QFBR to 
be removed, the figure will represent the projection of the 
sphere on the plane of the solstitial colure. 

PROBLEM in. 

To project the sphere on the hm-izon of any pliice, tliat place, for 
example, the latitude of which is 45° north. 

§ 213. PI. 5. Fig. % Let AEBL be the plane of the hori- 
zon. Let the eye be supposed at the lower pole of the primi- 
tive circle; the upper hemisphere will then bs first projected. 
Assume A and B for the equinoctial points ; AB is the line 
in which the plane of the equator intersects the horizon ; the 
plane of the ecliptic and the plane of the equinoctial colure also 
intersect the liorizon in the same line AB. The line E L, drawn 
through the centre D, perpendicular to AB, is the-line of meas- 
ures of the equator, ecliptic, and equinoctial colui-e. The 
equator makes an angle witti the primitive plane equal to the 
complement of the angle which the axis of the earth makes 
with it ; that is, an angle of 43°. Tlie projection of the equator 
(Tan therefore be described, end is the arc AFB. Suppose the 
ecliptic, on the upper hemisphere, to lie between the equator 
mid nortli pole ; it will, in that ease, make an angle with the 
primitive plane greater by 33° than the angle made by the 
equator. The projection of the ecliptic can then be described ■ 
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it is the arc AGB. The equinoctial colure maizes an angle of 
45° with the primitive plane ; and as DE is equil to the tangent 
of 45°, E is the centre, and the distance EA oi EB the iddius 
with which its projection ANE is described Tiie solstitial 
colure, being perpendicular to AB the intersection o{ the 
equator and equinoctial colure is,perpendiculai to the primitne 
plane ; its projection is therefore the diameter LDE. The 
point N, in which this line intersects the projection of the equi- 
noctial colure, is the projection of the north pole. If the remain- 
ing part of the projection of the equinoctial colure be described, 
it will meet the line LE in another point, which point would 
be the projection of the south pole. If the distance intercepced 
between N and the projection of t!ie south pole be bisected jjt 
E, and EH be drawn perpendicular to NE, EH will contain 
the c«nti-es of the circles which are the projections of the me- 
ridians. For, as the meridians pass through the poles, their 
projections will pass through the projections of the poles ; there- 
fire, the part of the axis intercepted between the projections 
of the poles is a common chord of the projections of the meri- 
dians ; and the line EH, bisecting it perpendicularly, contains 
all their centres. To project any meridian, as the one, for 
example, making an angle of 30° with the equinoctial colure. 
AtNlayofFthe angle EMI equal to 30°; the point H, in which 
NH intersects EH, is the centre of tlie projected meridian 
(203). With H as a centre and radius HN let the meridian 
H'NP be described. The projections of the other meridians 
drawn in the figure are made by similar constructions. 

To project the parallels of latitude. These parallels are 
small circles, and being parallel to the equator have the same 
line of measures, and make the same angle with the primitive 
plane. To project the arctic circle. Its polar distance is 93^°, 
and its inclination 45°. Lay oif from L to g^ ^5°, that is, the 
polar distance 33^°+45° the inclination, and join g' and E. 
The line D^ is Ihe semi-tangent of 68|°. Let l.f be made 
equal to 45'— 33^°=9H°- and draw E/; 1)/ is the semi-tan- 
gent of the inclination minus the polar distance. Let the dis- 
tances J)g and D/' be laid off from D on the line of measures 
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EL ; /'y is tiie diaineter-of the projection of the arctic circfs 
(207). Let this (liameler be bisected and the circle describea 
All other parallels of latitude are projected by simiiar construc- 
tions. The prajection of the tropic of Cancer touches the pro- 
■ectioii of the ecliptic at G, and intersects the primitive plune ot 
a and h. The tropic of Capricorn intersects the primitive plane 
at d and c. No part of the antarctic circle Hes above the primi- 
tive plane. 

Let, now, the lower hemisphere be revolve:! 180° around a 
line tangent to the primitive circle at 15, and then project the 
diSerent circles by the methods already explained. Theirpro 
'ections are easily recognised in the figure. 
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WAKPEl) SURFACES. 



COMPLEMENT 



DESCRIPTIVE GEOMETRY. 



WAUPEi* SURFACES. 



^ 214. We liave already defined Warped Surfaces to be 
aose surfaces which may be generated by a right line moving 
i» such a manner that its consecutive positions shall not be in the 
same plane (72). This class of surfaces is entirely distinct fron> 
the single-curved surfaces, though both are generated by a right 
line. In tlie single-curved surfaces, the consecutive positions 
of the generatrix are in the same plane ; in the warped surfaces 
they are not ; and although this difference in the manner of 
their generation may seem unimportant, yet it gives to the 
surfaces very diiferent forms, and essentially different pro- 
perties. 

§ 315. This family of surfaces presents, perhaps, more varie- 
ties than any other ; we shall examine only the most useful 
kinds, and begin with those wliofve properties are most simple. 

fj 216. Of warpbu surfaces which have a piane-dikbc- 
TER. Let there be supposed any two curves in space, and a 
line to move along these curves constantly touching them and 
continuing parallel to a given plane. Unless the curves have 
a particular position with each other, or with the given plane, 
the consecutive positions of the generatrix will not be in the 



• A porUon of this Complement is translatod from Vdiic'i excellent Tra> 
4s la Gfymitiii: Descri;itioi. 
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same plane : hence, the surface generated will be a warpf*d 
surface. The plane to which the generatrix continues parallel 
is called the plane-directer, anil the lines wliieh it touches' 
directrices, 

5 217. PI. 1. Let (AB, A'B') and (CD, CD') be the linear 
directrices of a warped surface, and (OM, ON') its plane- 
dii-ecter. It is required to construct any element of the surface ; 
tlte one, for example, passing through the point (A, A') of the 
first directi ix. 

If through this point, a plane be passed parallel to the plant; 
directer, and the point in which it cuts the second directrix 
(CD, CD') determined, the line joining this point and l!ie point 
(A,A') will be the clement required. We could thus deter- 
mine the element passing through any point of either directrix ; 
b^it, as drawing the planes and finding the points in which they 
cut the directrices is rather tedious, we give the following 
method for constructing the elements as more concise and 
elegant. 

Diaw in the plane-directer (MO, ON") any right line, as 
(MN, M'N')- Intersect the plane-directer by a system of ver- 
tical pianos, PM, Prt, P&, &c. drawn through any point, P, of 
the trace OM : these planes cut the line (MN, M'N') in the 
points (M,M'), (f/,a'), (b,h'), &c. ; the lines joining these 
points and the point (P,P') are the intersections of the vertical 
planes with the Diane-dirceter. Through the pomt (A,A') dmw 
a syslei:; of lines (Ar, A'r'), (Aq, A'q'), &lc. respectively parallel 
lo the lines (P6, P'ft'). (P«, P'«'), &c. of the plane-directer; 
this system of lines forms a plane passing through (A,A') par- 
allel to the plane-directer ; it is required to find the point in 
which this plane cuts the second directrix (CD, CD"). The 
system of pai-alteis through (A,A') intersects the surface of the 
cylinder which projects the second directris on the horizontal 
plane in a curve of which DCp is the horizontal projection ; the 
vertical projection of this curve is found by drawing peipen- 
diculars to the ground line through the points r, q,p, &c., and 
lietermining their intersections ?■', </, p', &c. with the vertical 
projections of the parallels through (A, A') ; r'q'p'is the vertical 
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projection of the curve, Tlie point in which this curve intersects 
the second directrix is the point in which the second dircctris 
is cut by the plane passing through (A,A') parallel to the plane- 
directer. The vertical projection of the point is in the curve 
D'C, and also in the curve r'((f' : hence, it is at C, their point 
of intersection. Drawing through C' a perpendicular to the- 
ground line, determines C, the horizontal projection of the point. 
Therefore, (AC, ^G') is the element of the surface jjassing 
through (A,A'). If we take any point, other than (A, A"), of 
either directrix, the element of the suifuce passing through il 
would be determined in a similar manner, 

§ 318. Ta find an eieinent of tlx surface parallel to any line, 
as {Pa, P'«'), of (lie ptane-directci: 

Through the several points {d,d'), (e,e'), {ff), {g,g')i &c. ol 
either directrix, draw lines parallel to the given line (Pa, Va') : 
they form the surface ofa cylinder parallel to the line (P«, P'a') : 
the element of this cylinder passing through the point in which 
the second directrix pierces its surface, touches, both direc- 
trices, and is an element of the surface. This cylinder inter- 
sects the vertical cylinder which projects the second directrix 
on the horizontal plane in a curve of which JiDp is the hori- 
Kontai projection ; its vertical projection is determined by find- 
ing the points A', i',j'. A', &c. in which the perpendiculars to the 
ground line through the points k, i,j, h, &c. intersect the ver- 
tical projections of the parallels: k'i'j'h' is the vertical projec- 
tion of this curve. The point (DvO"), in which this curve inter- 
sects the second directrix, is the point in which the second 
directrix pierces the surface of the cylinder : hence, BD drawn 
parallel to Pa, and B'D' drawn parallel to Va', are the projec- 
tions of the required element, 

§ 219, If one of the directrices {AB, &!'&), (CD, C'D') 
were a right line, the surface that would be generated belongs 
to a particular class of warped surfaces called conoids, because 
of the analogy exisling between them and the surfaces of cones.* 



* If all the points in which ths elements toucli tbe rectilinear directrix were 
hrouglit togetlier into one point, the elements still passing through the points in 
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If the directrix were perpendieular to the plane- ciirecter, the 
conoid takes the name of right conoid, and llie directi'is thp 
name of (A« line of xtt-iction* 

If both the directrices are right lines, the surfaces generated, 
though a species of conoid, are called hyperbolic puruboloids, 
because the curves in which they are intersected by planes are 
either hyperbolas or parabolas. The rectilinear directrices are 
not in the same plane ; for if they were, the generatrix would 
generate a plane, and not a warped surface. 

§ 920. 2'he elements of a hi/perix'lic jmrahohid dhide llw 
directrices proportiimally. 

Let AC and A'C (Pi. 2. Fig. 1) be the directrices of a hyper- 
bolic paraboloid ; AA', BB', and CC' three of its eleisienta. 
Through A draw AD parallel to CC; AD will be parallel to 
the piane-directer ; and since AA' is also parallel to the piane- 
directer, it follows that the plane A'AD is parallel to tlw plane- 
directer and may be taken for it. Demit from the points B', 
C, C, and B the perpendiculars B'S', C'c', Cc, and BS on the 
plane AAD. Since BB' and CC are elements of the surface, 
they are parallel to the plane -directer, and consequently to Ihc 
plane A'AI) ; therefore, C'c'=Cc, and WV=Sb : by drawing the 
lines .MbW and A6c two similar triangles ai-e formed, which give 

Cc : B6 : : CA : BA, and C'c' : B'ft' : : C'A' : B'A' ; 
but, on account of the equality of the terms of the first couplets, 

CA:BA::C'A':B'A'; 

and by division, 

CB:BA::C'B':B'A'; 

that is, the directrices CA and C'A' are divided proportioiiully 
by the element BB'. 



which theylouch the second ilireetrix, tlie surface hecomcB a conic surface. 
And if the vertsi of a conn be moved along ii light line, and lines be drawn 
from its different positions to tlie points of its base, such lines Iwing parallel to 
a given plane, the surface thus formed is a conoiil. 

• It tiitcs this name because it contains tbe shortest distance between the 
elements, so that Ihe sur'ate is, as it were, crairned oe comprBSseii along; this 
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^ 221. Reciprocally, if the lines AA', BB', and CC of a 
warped surface divide ibe rectilinear directrices AC and A'C 
into proportional parts, they uyill be parallel to the same plane, 
and consequently elements of a hyperbolic paraboloid of which 
that plane is t/ie plane-ditecter. 

Let AD be drawn parallel to CC'. and demit the perpen- 
diculars Cc, Bb, C'c', and B'A' on the plane A' AD. Drawing 
Abe and A'b'c', wc have 

AD: AC -.-.TibiCc; 
and A'B';A'C';:E'i':C'c'; 

but, by livpothesls, 

AB : BC : : A'E' : B'C. 
By composition, 

AB: AC :: A'B': AC; 
therefore, Bb : Cc :: B'b' : C'c'. 

But the line CC being parallel to AD is parallel to the plane 
AAD ; therefore, Cc is equal to C'c', and consequently B6 is 
equal to E'ft'. All iines, therefore, which divide the directrices 
proportionaliy are parallel to the same plane, and consequently 
the suiface generated by a right fine moving with this law is a 
hyperbolic paraboloid. 

5 233, If any two elements, as AA' and CC of a hyperbolic 
paraboloid be taken as directrices, and a plane-directer be as- 
sumed parallel to AC and A'C', t!ie directrices in tliefrst case, the 
surface generated by a right line moving an the new directrices 
and parallel to the new plane-directer, is the same surface as is 
generated by a right line touching AC, A'C, and continuing 
parallel to the plane A'AD. The surfaces arc named respect- 
ively ffe hyperifolic paraboloid of llw first ami second generation. 

We shal! show that these surfaces are the same, by proving 
that all points of any element of the second generation are 
points of an element of the first feneration, and I'eciprocaliy ; 
that is, that the paraboloid of the second generation has all its 
points common with the paraboloid of the first generation : if 
this be proved, they are evidently the same surface. 

Let mn (PI. 2, Fig. 2) be my clement of the second 
generation. In this generation tiie plane-directer is parallel 
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to AC, A'C, and AA', CC iire the liircctrices. Draw 
from the points C and C the lines Cc and Cc' parallel to 
mil ; and suppose c and c' the points in which they pierce 
the plane AA'D, drawn parallel to CC. Let Ac and A'& ulso 
be drawn, and join the points c and c' : this line is the intereoctinn - 
of the plane AA'D with the plane passed through the element 
CC and the parallels Cc, mn, and Cc' ; it therefore contains 
the point n, in which mn intersects AA'. Take, now, upon mn 
any point, as O, and conceive a plane to be driivvn through this 
point parallel to AA'D ; that is, parallel to the plane-directer 
of the fir^ generation (320). This plane will cut the direct- 
trices AC and A'C, of the first generation, in two points li and 
B' ; the line BB' is therefore an element of the first generation. 
It is now to be proved that Ois a point of the element BE', 
and therefore a point of the surface of the first generation. Let 
the lines B6 and B'fc' be drawn parallel to mn, and as Cc and Cc* 
are also parallel to mn, it follows that B6 and B'fe' will pierce the 
plane AA'D in the lines Ac and A'c', The triangles AB6 and 
ACc are therefore similar, as also the triangles A'B'i' and A'C'c' • 
therefore, AB : AC : : A6 : Ac ; 

and A'B': A'C':: A'ft': A'c'. 

But (230), AB : AC : : A'B' : A'C ; 

therefore, A6 : Ac : : A'b' : A'c'. 

Since the lines B& atid Cc are parallel to M'b' and Cc', and 
since the four lines are all parallel to (he plane-directer of the 
second generation, the plane of the triangle ACc is parallel to 
the plane of the triangle A'C'c', and therefore their intersections 
Ate and A'b'c' with the plane AA'D are also parallel. But as 
these intersections are divided proportionally at b and b', it fol- 
lows that the points b, n, and b' are in the same right line : hence, 
th& plane of the parallels Sb and B'ft' contains the lines BB' and 
mn ; therefore, the point O of the element mn of tlio second 
generation is a point of the element BB' of the first generation. 
It may be proved in a similar manner, that any point of an ele- 
ment of the second generati in is also a point of an clement of 
the first generation : hence, the hyperbolic paraboloid is suscep- 
tible of two generations, as enunciated in the text. 
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5 2'i3. From what has preceded we conclude, that if we take 
any two elements of the first generation and a plane pai'allel to 
Us directrices, these lines and this plane are the directrices and 
jilane-directer of the second generation ; and, conversely, if we 
take two elements of the second generation and a plane parallel 
to its directrices, tlies6 lines and this plane are the directrices and 
plane-directer of the first generation. 

§ 234. Op warped surfaces wincn have three direct- 
rices. If we subject the geaeratriK to the condition of touch- 
ing a tliird directrix, instead of continuing parallel to a plane- 
directer, the surface generated is still a warped surface, pro- 
vided the directrices have such positions with each other that 
the consecutive elements of the surface are not in the same plane. 

Let (AB, A'B% (CD, CD'), and (EF, ET") (PI. 3) be the 
thre« directrices of a warped surface ; and let it be required to 
find the element passing through any point of either directrix 
say the point (M,M') of the directris (AB, A'B'). 

Suppose (MiMO to be the vertex of a cone of which the 
second directrix (CD, CD') is the base. If the point (N,N'), in 
which the third directrix (EP, E'F") pierces the surface of thi> 
cone, be determined, the line joining (M,M') and (N,N') wil, 
touch the three directrices, and consequently be an element of 
the surface. To find this point, take in the second directrix a 
series of points (D,l>'}, {a,a'), {b,b'), {c,c'), &c, ; through these 
points and the vertex (]VI,M') draw the elements (MD, M'D'), 
(Ma, M'a'), &c., and construct the points in whicli these ele- 
ments pierce the vertical cylinder which projects the third 
directrix on the horizontal plane : these points are (F,H), (^,^'), 
{j,j'), {k,k'), &c., and Ki'fk'l'm'n'G is the vertical, and FijklmnE 
is tlie horizontal projection of the cun'e in which the cone inter- 
sects the cylinder: the point (N,N'), in which this curve inter- 
sects the third directrix, is the point in which the third directrix 
pierces the surface of the cone : (MN, M'NO is therefore a line 
which touches the three directrices, and is, consequently, an 
element of the surface. We can construct in a similar manner 
any number of elements, by means of which we can determine 
the oiitoar and projections of the surface. 
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§ 925. If the three directrices are right Hncs, the surface 
generated belongs to a particular class of warped surfaces called 
hyperboloids of one nappe. Of this family of surfaces we sliai! 
discuss tlie most useful and interesting variety, viz. ikehyperbo- 
fmds of reodution of one nappe.^ 

Before generating the hyperboloid of revolution of one nappe 
by a generatrix constantly touching three right lines having a 
particular position with each other, -we shall generate it by a 
right line moving around another right line as an axis, and then 
show that this surface can also be generated by a right line 
touching three linear directrices. Let the horizontal plane be 
taken perpendicular to the line which is used as an axis, and the 
vertical plane parallel to the genei-atris in any one of its posi- 
tions. 

Let {A,A'B') (PI. 9. Fig. 3} be the axis, and (CD, CD') the 
generatrix. The generatrix is to move around the axis in such 
a manner that each point of it shall describe a horizontal circle 
whose centre is in the axis (A,A'B'). Conceive a iine to be 
drawn perpendicular to the axis and generatrix (60). Since 
the axis is perpendicular to the horizontal plane, this line will 
be parallel to it : hence, its horizontal projection is equal to 



* If the liyperbola CF/ (PI. 6. Fig. 7. Des. Geocn.) be revoWed aroimd ita 
conjugtite axis, which \s perpOQiIicuiai: to F6 at E, it will generate the Huifiico 
of a hifpcrboloii of raealalion of one nappe. The convosity of this Burface is 
turned towards the axis. IE the hypeibolas OF/ nnd C'BC' be revolved aromiil 
the transverse axis FE, they will generate two distinct surfaces, but having the 
same axis FB ; the two surfaces btb cB.lled a hyperboloid of revotntion of two 
nappes. If at either veitex of the transverse axis, as F, a Une IFF he drawn 
tangent to the curve, and the parts FI and FI' be each made equal to EO, the 
Bemi-conjugata ails, the lines CI'C and C'EH drawn through their eitreniitieB 
and the centre C, are called asymptotes. The asymptotes continually approach 
the curves CFj/ and C'BC, but never intersect them. If at any point of eithci 
curve, as G, a line HGN be drawn tangent to the curve, the part HG inteiv 
cepted between the point of contact and one asymptote is eijual to the part GN 
intercepted between the point of contact and the other BsymptotB. Those prop- 
erties of the asymptotes and tangent are demonstrated in conic sections, and 
arc mentioued liere only that they may be borne in mind in discussing the prop- 
erties of the surface generated by a right lino touching three reclilii;o-ir clireci- 
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itself and perpendicular to CD, the horizontal projection of the 
generatrix (SI). The liiieALis the horizontalandL' the vertical 
projection of this perpendicular. When the generalnx(CD,C'D') 
is revolved around the axis (A, A'B'), the line (AL,L') continues 
perpendicular to it and to the axis : hence, the projections of the 
generatrix, from its different positions, ore perpendicular to the 
projections of (ALjL*) from its different positions ; tlial is, per- 
pendicular to the extremities of the radii of a circle described 
V7ilh the centre A and radius AL. Hence, the horizontal projec- 
tions of the elemants of this surface are tangent to t!ie circle iqolj, 
which is the smallest of the circles described by the points of 
the generatrix, and is called the circle of the gorge. The con- 
secutive elements of this surface are not parallel, for if thej' 
were their horizontal projections would be parallel (30) ; but 
the horizontal projections are not parallel, since they are tan- 
gent to the circle wjroL. Neither do the consecutive elements 
intersect each other; for ihiir points which are in the same 
horizontal plane are separated by arcs of horizontal cii'cles. 
The surface, therefore, is a vinped surface, and it is also a sur- 
face of revolution, since liie sections by planes perpendicular to 
the axis are circles. Let C/cCEE' be the circle described by 
the point C, as the element (CO, CD') moves around the axis ; 
this is tlie circle in which the horizont;d plane intersects the 
surface. 

Through D draw the tine {EC, D"C") parallel to the ver- 
tical plane, and making the same angle with the horizontal plane 
as H made by the line (CD, C D') : these lines intersect at the 
point (L,L'), and the perpendicular (AL,L')-to the one, is also 
perpendicular to the other. If the p!:inc of the two lines be 
carried around the right cylinder whose axis is the axis of the 
surface, and whose base is the horizontal circle (xph, each of 
the lines will generate the same surface ; for, if a plane be drawn 
perpendicular to the axis (A.A'B') it will cut the lines in points 
equidistant from the ax s, and in the revolution of the lines these 
points de8cril>e the same horizontal circle : the point in whicii 
the lines intersect, describes the circle of the gorge. But if two 
surfaces have the same axis, and if all sections made in them 
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by planes peipendicular to this axis are respectively equa., 
the two surfaces coincide throughout and are the same surface : 
iience, the surfuce we ai-e discussing can be generated by either 
A two right lines at the same distance from the axis and niakiug 
die same angle with a plane perpendicular to it. 

5 326. If one of the generatrices remain fixed and tJie sur- 
face be generated hij the Other, (he fixed generatrix viill intersect 
the jiiooing one in all its positions. Let the generatrix (DC, 
D"C") remain fixed, and suppose the surface to be generated 
by (CD, CD'). When the point C is at any point of the 
circle CG'ED, as E, the horizontal projection of the generatrix 
is (icjtermined by drawing EoG tangent to the circle oqilj (235). 
Its vertical projection is determined by projecting E into the 
ground line at e, and o into the vertical projection of the circle 
of the gorge at o', and drawing eo'g. The horizontal projections 
of the generatrices intersect at n, and no is equal to jtL, since 
the lines are tangent to the same circle. But the points (LiLO 
and (p,o') are in the plane of the circle of the gorge, and the 
generatrices make equal angles with this plane : hence, the 
parts of the generatrices of which no and nL are the projections 
ai'e equal. Thepointsof thctwogeneratricesofwhichnisthe 
horizontal projection are, therefore, at the same distance above 
the plane of the circle of the gorge, and consequently above the 
horizontal plane ; but their vertical projections are contained 
in a perpendicular to the ground line through n (13) : hence, ttiey 
are the same point n', and therefore the generatrices intersect 
ill space (44), and (m,ji') is their point of meeting. This point 
is above the circle of the gorge, and at an infinite distance from 
it, when the generatrix (EG, eg) becomes parallel to the ver- 
tical plane. When the generatrix (CD, CD') takes the posi^ 
tion (E'G', E"G"), it intersects the generatrix (DC, D"C") at 
{m,m'), a point of the surface below the circle of the gorge. 
In the same manner it may be shown, that if the generatrix 
(CD, CD') remain fixed, and the generatrix (DC, D"C") be 
revolved, (CD, CD') would, in all its positions, intersect 
(CD,C"D"): hence, vaecoacXaAethalHtegeneratrixof the first 
generation intersects all the elements of the second generation. 
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rmd that the generatrix of the second generation intersects all 
the elements vfthe first generation. If, Jlierefore, any three 
elements of the first generation be assumed, and a right line 
drawn touching tliem, this line is the generatrix of the seconri 
generation ; and if three elements of the second generatiois 
be chosen, a right line touching them is the generatrix of tbo 
first generation. 

We have now shown that tiie surface generated by the revo- 
lution of a right line about an axis which it does not intersect, 
may aiso be generated by a right line touching constantly three 
rectilinear directrices. We should remark, however, that these 
directrices must have the same relative position as three elements 
of the surface generated by the other method ; that is, they are 
at the same perpendicular distance from a fourth line, and the 
perpendiculars measuring . this distance are contained in the 
same plane. 

§ 337. To show that this surface is the surface of a hijper- 
loloitl of revolution of one nappe. 

PI. 3. Fig. 4. Let the axis of the surface be perpcndicula? 
to the horizontal plane at A, and let dAc be the trace of a meri- 
dian plane to which the vertical plane of projection is taken 
parallel. It will be proved that this meridian plane intersects 
the surface in hyperbolas, and that the projections of the gene- 
ratrices (CD, CD") and (DC, D'C") on this plane are asymp- 
totes of the curves. 

The vertical projections of the generatrices are the lines 
CD" and D'C"; (ab, a'b') is the line in which the meridian 
plane intersects the circle of the gorge : this line is the trans- 
verse axis, and («,«') and (&,&') the vertices of the curve in 
which the meridian plane intersects the surface. To find other 
points of the curve, let the surface be intersected by horizontal 
planes ; these planes will intersect it in horizontal circles, and 
the meridian plane in right lines ; the points in which these 
lines intersect the circles are points of the i-equired curve. 
Let ft'H'Gm' be the vertical trace of one of ihese planes ; (H,H') 
is the point in which it cuts the generatrix {CD, CD"), and 
!s thercfore one point of ihc circujnference of the hori?,oalalt 
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circle in ■which it intersects the surface. With A as a centre 
and Ali as a radius, let the semicircle hllm be descrilied: 
this ia the horizontal projection of a part of the circle in which 
the horizontal plane intersects the surface, and the points h and 
m, in which it meets the projection of the line o( intersection 
of the liorizontal and meridian planes, are the projections of two 
points of the required curve. The vertical projections of 
these points are h' and m'. The horiKOntai plane /TV deter- 
mines the points (fj"') and {n^'). Thus, by using horizontal 
planes above and below the circle of the gorge, we obtain as 
many points as are necessary to describe the curves d'h'f'a'd" 
and c'm'n'b'c". 

The Jines CD" and D'C" continually approach these curves. 
For, the distances Vf, H'ft', D"rf', &.c. are eqnal to the dif- 
ferences between the radii AF, AH, AD, &c. and their ver- 
tical projections EF, GH', and UD". But Ihese differences 
continually diminish ; for the nidii AF, AH, and AD make a 
less and less angle with the vertical plane as the cutting plane 
is removed from the plane of the gorge, and thei-efore the dif- 
ferences between them and their projections constantly 
diminish. If the horizontal cutting plane were taken at an infi- 
fiile distance from the circle of the gorge, the radius AD would 
become parallel to the vertical plane ; the points rJ' and If" 
would then coincide, and L'D" would become tangent to the 
curve. Wc see, therefore, tiiat the line L'D" continually ap- 
proaches the carve d"a'f'h'd', and becomes tangent to it at an 
infinite distance from a' ; this is the properly of a hyperbola and 
its aBymptote. The same can be shown for the cttrve c"b'n'm'c' 
and the line IXC", and also for the curves and lines below the 
circle of the gorge. 

Let {Q!0, QTOO be any element of the surface intersecting 
the meridian plane dAc in the point (jo,//) ; {p,p') is a point 
of the curve c'b'c". Theline drawn through (p,p') tangent to 
the horizontal circle of the surface passing through this point, 
is peipendicular to the vertical plane, and is thereibre a line of 
the plane which projects the element on the vertical plane. 
This prtgecttng plane is consequently tangent to tiie surface at 
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tlie point {p,p') (S8) : hence its intersection with tiie mondian 
plane is tangent to the meridian curve. But the vertical pro- 
jection of this intersection is the same line as tlic vertical pro- 
jection of the element; consequeitiy, Q'O', the vertical piojec- 
tion of the element, is tangent to the cnrvc c"b'c' at the point 
p'. But I^ and pO are equal ; therefore tlieir vertical projec- 
tions I'p' and p'O' are also equal ; that is, tliB part I'O' of tlie 
tangent intercepted between tlie lines L'C" and L'C is bisected 
at p', the point of tangency : and as this may be shown for any 
other point, it follows that the curve is a hyperbola, and the 
lines CD" and D'C" its asymptotes. The same can bo shown 
for the other curve. If either of these hyperbolas be revolved 
around A'B as an axis, it will evidently generate the surface 
from which it has been obtained. Wc therefore conclude, that 
the surface generated by a right line revolving around another 
right line which it does not intersect, or by a right line con- 
stantly touching three right lines having a particular position 
with each other, is the same surface as is generated by the 
revolution of a hyperbola arouna its conjugate axis, and is 
therefore properly called a iiyperboloid of revolution of one 
nappe. 

§ 228. Op warped surfaces im geineral. It is easily per- 
ceived from what has preceded, that if a right line be moved 
along two curves so that the part of the right line intercepted 
between them shall be of a given length, or so that it shall make 
with a given plane a constant angle, or make a given angle 
with one of the directrices ; or should we move it upon three 
surfaces, or upon a curve and two surfaces, or upon two curves 
and a surface, or upon two surfaces and making a constant 
angle with a given plane, either of these conditions imposed 
upon the generatrix would, in general, give a warped surface 
of a different kind. 

§ 229, We shall now demonstrate a general property of 
warped surfaces. Itisthis: everi/ plane passing tfirough any ele- 
ment K-ofa toatped sutface is, in general, tangent to this surface 
atsome point of the element K. Suppose he plane to have any 
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position, and let K', K", K'", &.c. be elements of the sui race on 
one side of the element K ; and H, H', 11", &lc. elements of 
the surfaee on the other side of tiie element K ; and lei these 
elements be consecutive with each other, and situated on the 
surface in the order in which the letters are written. The plane 
through the element K will not, in general, be parallel to these 
elements ; it therefore intersects them in a series of consecutive 
points k'", k", h', b, k', h", k'", &c. forming a curve y"li"k1ih'h"k"\ 
but since the points k' and h are on different sides of the ele- 
ment K, the indefinitely small part kh of the curve intersects 
the element K in a point. Let this point be designated by k ; 
we say that the plane through the element K is tangent to the 
surface at the point fe. For, if at fc a line be drawn tangent to 
the curve k"k"k'khh'k"h"', it wilt be contained in the plane of 
the curve (67) ; that is, in the plane passed through the element . 
the element ilso is tingent to the surfice it the same point 
die plane, therefore rontimmg these tangent Imes is tangent 
to the surface it the point/ of the element K (88) 

§ 230. As the <.urve k l^kJhhk h vaiies wilh the poMtion 
of the plane thioogh the element K it \t evident that it th s 
plane be turned around K is in axis the point of contact k will 
move along this element Fiom the^e properties we con 
elude, that eveij lingent ylane to a warped surface is al=!o a 
cutting plane secondly, thit if we wish a plane tingent to i 
warped surhce, we have only to dnw it thiough an element 
of the surface , and thirdly thit the point of connct is the point 
in wliich the element intei-sects the curve of intersection of this 
plane and the surface. 

§ 231, There are, however, a few cases in which a plane 
through an element of a waiped surface is not tangent to it. 
Suppose, , for example, that the given surface has a plane- 
directer, and that the plane through the element were parallel 
to the plane-directer ; all the elements being also parallel to 
this plane, the curve k"'li"k'khh'k"h"' would not exist, and the 
plane through the element would not be tangent to the surface. 
We have not heretofore spoken of the manner of representing 
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warped surfaces on the planes of projection. They are, like 
other surfaces, generally i-epresciited by the projections of 
their elements, and their intersections with one or the other of 
the planes of projection. 



To draw a plane tangent to a hyperhohid of revolution at a 
given paint of its surface, 

§ 23a. PI. 2. Fig. 4. Let (A,A'B) be the axis of the surface, 
XDC its intersection with the horizontal plane, [xdLb, a'h') the 
circleof the gorge, and v the horizontal projection of the point 
It which the plane is to be tangent. Its fertical projection 
cannot be taken at pleasure (93), but must be constructed. 

Through v draw DvC tangent to the horizontal projection 
of the circle of the gorge ; this tangent is the projection of two 
elements, either of which may pass through the point of which 

V is the horizontal projection, according as the point is above or 
below the circle of the gorge. The two elements make the 
same angle with the horizontal plane, and pierce it at the points 
D and C. Projecting the point of tangency L into the vertical 
projection of the circle of the gorge, and the points C and D 
into the ground line at C and D', two points in the vertical pro- 
jection of each element are determined, and their vertical pro- 
jections C'L'D" and D'L'C" can be drawn. Drawing from v 
a perpendicular to the ground line, and noting its intersections 
v' and v" with the projections of the elements, we determine 
the vertical projectionsof the two points of the surface of which 

V is the horizontal projection ; one point is above the circle o( 
the gorge and vertically projected at v", the other below it and 
vertically projected at v' : these points are evidently those in 
which a line perpendicular to the horizontal plane at v pierces 
the surface. Let the tangent plane be first drawn at the point 

(v,y% 

Through V let tiie line TvxX be drawn tangent to the nori- 
zontal projection of the circle of the gorge ; this tangent is the 
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projection of an eiemetit of the surface passing througii (v,v') ; 
and as (v,y) is below the circle of the gorge, it piei-ces the hori- 
zorfal plane at T. The plane containing this element and the 
element (DC, D'C") is tangent to the surface at the point (v,v') 
(88) I DT is its horizontal trace, and its verticai trace is easily 
found, 

5 333. If it were required to draw a tangent plane to the sur- 
face at the point (v,v") above the circle of the gorge, it would 
only be necessary to determine the plane of the elements of the 
two generations which pass through this p(nnt. The element 
(CD, CD") pierces the horizontal plane at C ; and since (v,v") 
is above the circle of the gorge, the element of whicVi TvS 
is the horizontal projection pierces it atX: hence, XC is the 
horizontal trace of a plane tangent to the surface at the point 

5 234. The traces DT and XC of the tangent planes are 
parallel. For, draw Av and produce it in both dii-ectioos , 
since the ciiords DvC and TvX make equal angles with the 
diameter passing through their point of intersection, the chords 
joining their extremities are perpendicular to this diameter, and 
consequently are parallel. This is as it should be ; for the 
meridian piane of which vA is the horizontal trace is perpen- 
dicular to both the tangent planes (t05) ; and being also per- 
pendicular to the horizontal plane, its trace is perpendicular to 
the traces of the tangent planes. 

§235. We see,therefore,thatto draw a plane tangent tolhe stir- 
face of a hyperboloid of revolution, it is only necessary to deter- 
mine the elements of the two generations passing through this 
point ; the plane of these elements is the tangent plane required. 
Or, find the element of either generation passing through the 
given point, and draw through this element a plane perpen- 
dicular to the meridian plane of the given point : this plane wiii 
be tangent to the surfuco. 
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To pass a plane through a given right line, and tangent to a 
surface of revolution. 

^ 236. PI. 4. Let the surface be that of the ellipsoid. I.et 
the transverse axis be perpendicular to the horizontal plane at 
A and A'E, its vertical projection ; let the circle described with 
A as a centre and AE for a radius be the horizontal projection 
of the surface, and the ellipse A'G'E'BR' its vertical projection ; 
and let (CD, C'DO be the given line. 

Suppose the line (CD, CD') to revolve around (A, A'E) as 
an axis ; it wil! generate the surface of a hyperboloid of revolu- 
tion of one nappe. The hyperboloid thus generated, and the 
ellipsoid, having a common axis, a meridian plane of the one 
will be a meridian plane of the other. Let us suppose, for a 
moment, that the plane were drawn through (CD, CD') tangent 
to the surface of the ellipsoid, and that the point of eoniact were 
known. 

Through the point of contact conceive a meridian plane to 
be passed ; it will be perpendicular to the tangent plane (105), 
and will cut llie line (CD, CD"), which is an element of the 
hyperboloid, in a point. - Since the tangent plane to the ellip- 
soid contains an element of the hyperboloid, it will be tangent 
to the hyperboloid at some point of the element (^29). But 
the meridian plane passing through the point of. contact on the 
hyperboloid is perpendicular to the tangent plane : hence, the 
meridian plane which passes through the point of contact on 
Ihe ellipsoid also contains the point of contact on the hypei-bo- 
bid ; therefore the point of contact on the hyperboloid is where 
Shis meridian plane cuts the jpven line (CD, CD"). This me- 
fidian plane intersects the tangent plane to both surfaces in a 
Jine tangent to the two meridian curves. Suppose this meridian 
plane to be revolved about the common axis of the surfaces till 
it becomes parallel to the vertical plane of projection : the me- 
ridian cur^'es of the hyperboloid would be projected into the 
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hyperbolas H'f'dl' a,jid/'c'o' ; these curves are the same as the 
sections made by a meridian plane piirallel to the vertical plane, 
and may be determined as in Art. 227 ; the meridian section of 
the ellipsoid would be projected into the ellipse A'E'BR', and 
the intersection of the tangent and meridian planes would be 
projected in a line tangent to these curves. But we can con- 
struct these curves without knowing the point of contact. I/J 
then, we draw G'H' tangent to the two curves, (H,H') and 
(GjC) are the revolved positions of the points at which the 
tangent pkne touches the two surfaces. But the point (H,H'), 
in its true position in space, is a point of the line (CD, C'D^ 5 
in the counter revolution of the meridian plane this point 
describes the arc (HA, Ji'li") of a horizontal circle, and the 
point {h,h'), in which this arc intersects the line (CD, CD"), is 
the point at which the plane is tangent to the hyperboloid. The 
meridian plane Agh contains the point at which ihe plane is 
tangent to the surface of the hyperboloid, and also the point at 
which it is tangent to the surface of the ellipsoid. The point 
(G.C), in the counter revolution, describes the arc (G^, G'g") 
of a horizontal circle, and the point {g,g'), in which it inter- 
sects the meridian plane Agh, is the point at which the plane 
through the line (CD, CD') is tangent to the ellipsoid. Through 
the point of contact (g,g') let a line be drawn parallel to the 
line (CD, CD} : the point m,- at which it pierces the horizontal 
plane, is a point of the horizontal trace ; but C is another point ; 
therefore PC?nN is the horizontal trace of the tangent plane. 
The line drawn through (g,g^ pierces the vertical plane at 3i 
hence, »PQ is the vertical trace of the tangent plane. 

If we consider the tangent LT, we perceive that it also gives 
a point of contact (1,1') on the surface of the ellipsoid. The 
traces of the plane tangent at this point are found in the same 
manner as were the traces of the tangent plane in the other 
case. We sec, therefore, that two planes can be drawn throngh 
a given line and tangent to a surface of revolution. The figure 
shows the manner in which the hyperbolas in the vertical plane 
are constructed. 
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To find llie irUerseclion of a hyperboMd of revolution of tme 
nappe with a given plane; to draw a tangent to the curve, 
and to find the curve in its own plane. 

5 237. PI. 5. Let the horizontal plane be taken perpen- 
dicular to the axis of the surface ; let A be the horizontal pro- 
jection of the axis, and A'B its vertical projection. Let (CD, 
C'DO be the generatrix, {cots, c't") the circle of the gorge, and 
(FE, FG") the cutting plane. 

Through the axis of the surface and perpendicular to the 
cutting plane let a plane be drawn ; the intersection of these 
planes determines the transverse axis of the curve, and tho 
points in which the transverse axis intersects the curve are the 
vertices. The line AE, drawn perpendicular to FE, is the 
horizontal trace of the meridian plane. The line of intersec- 
tion of this plane and the cutting plane (FE, FG") meets the 
axis of the surface at the point in which the axis pierces the 
cutting plane ; that is, at the point (A, A") (43) ; therefore 
AE is the horizontal and E'A" the vertical projection of the 
line of which the transverse axis of the curve forms a part. 

The points in which this axis pierces the surface are next to 
be ibund. If tiie line (EAif, E'A"(f') be revolved around the 
axis of the surface, it will generate the surface of a right cone 
with a cireular base ; (A, A") is the vertex of this cone, and the 
circle described with A as a centre and radius AE is its inter- 
section with the horizontal plane. But the cone and hyperbo- 
!oid, having a common axis, intersect in circles, the planes of 
which are perpendicular to this axis ; and the points in which the 
line (dAE, d'A"E') pierces the surface are the points which 
describe these horizontal circles of intersection ; the circles 
therefore contain the vertices of the axis. To find the radii 
of these circles, it will be sufficient to find the two points in 
which any element of the hyperboloid pierces the surface of 
'he cone, since all the elements pierce the surface of the cone 
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in tb'* horizontal circles in which ihe two surfaces intersect. 
Let I i find the points in which the element (CD, CD') pierces 
the surface of the cone. Di^iw a plane through the element 
(CD, CD') and the vertex of the cone ; this plane wili inter- 
sect the surface of the cone in two right-lined elements ; the 
points in which the element of the hypcrboloid intersects these 
elements, are points of the horizontal circles. To draw this 
plane. Through the vertex (A,A") of the cone let a line be 
drawn parallel to the element (CD, CD*) of the hyperboioid ; 
its projections are parallel to CD and CD', and it pifjrces the 
horizontal plane at « : hence, N«CL is the horizontal trace of 
a plane containing the element of the hypei'boloid and vertex 
of the cone. This plane intersects the cone in two elements, of 
■which the horizontal projections are AL and NAp ; the points 
r and p, in which these projections intersect CD, the projection 
of the element of the hyperboioid, are the horizontal projec 
tions of the two points, one in each of the circles, in which the 
hyperfjoloid and cone intersect ; and as the circles are horizontiit, 
Ar and Ap are the radii of their projections. But as the hori- 
zontal projections of tlie vertices are in the line Ed as wel! as 
in the horizontal projections of the circles, they are at q and d, 
the points in which the line Ed intersects the arcs described 
with the centre A and radii Ar and Ap. Tiie vertical projec- 
tions of these vertices arc at q' and d', in the vertical projection 
of the line (Ed, E'd'). The vertex (5,5') is below the circle of 
the gorge in the lower nappe of the cone, and the vertcK 
{d,d') is above the circle of the gorge in the upper nappe of 
the cone. 

To find other points of the curve, intersect by liorizontal 
planes between the points (d^') and (q^"). Sach planes will 
intersect the surface of the hyperboioid in horizontal circles, 
and the cutting plane in right lines pandle! to its horizontal 
trace ; the intersections of these riglit lines with the circles 
determine points of tiie curve. Let k'b' be the vertical trace 
of a horizontal plane ; this plane cuts the element (CD, CD') 
in the point (v,v^, and intersects the plane (FE, FG") in a line 
of which bk, parallel to FE, is the horizontal projection. The 
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carcle described with the centre A and radius Av is the hori- 
zontal projection of the circle in which the auxiliary plane 'nter- 
sects the surface of the hyperboloid. The points k and h, in 
which bh intersects this cii'cle, are the horizontal projections of 
the two points of the curve determined by the auxiliary plane 
k'b', and h' and k' are the vertical projections of these points. 
The points at which the horizontal projection of the curve is 
tangent lo the horizontal projection of the circle of the gorge, 
are found by using the plane of the circle of the gorge as an 
auxiliary plane ; they are the points o and s, and their vertical 
projections are o' and s'. Thus, having found any number of 
points, the projections of the curve can be described. 

To draw a tangent tine to the curve at any point, as (k,k'). 
Draw a plane tangent to the sui-face of the hyperboloid at this 
point (232) ; its intersection with the cutting plane is the tan- 
gent required (1130), The line mtiG is the liorizonlal trace of 
l!ie tangent plane, and (Gh,gh') the tangent line. 

Letihe plane of the cui"ve be now revolved around its ver- 
tical trace FG" ; the points of the curve will fail in peipen- 
diculars to this trace drawn thi-ough their vertical projections, 
and at distances from the trace equal to the hypothenuses of 
triangles whose bases are the distances from the vertical pro- 
jections of the points to the trace FG", and whose perpen- 
diculars' are equiS to the distances of the horizontal projections 
of the points from the ground line. Having found the positions 
of the points, let the curve q"h"Od"s"k" be described. The 
tangent line takes tlie position G'h". In malting the projectiona 
of the curve, we have supposed the part of the surface above 
the cutting plane to be removed ; the horizontal projection of 
the curve is therefore made full. In the vertical projection, thai 
part of the curve is made full which lies in front of the meri- 
dian plane nAt. 

§ '■233. We are nest to consider the hyperbolic paraboloid, 
and shall begin by examining the manner of representing it on 
(he planes of projection. If thnrngh any element of the sur- 
face a plane be drawn perpend i^iular to the horizontal plane 
(the surfdce being considered indefinite), the plane will bQ tan. 
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gent to tlie surface at some point of this element (229) ; the 
line drawn through this point of contact perpendicular to 
the horizontal plane is tangent to the surfaiMJ, and is therefore 
an element of tlie tangent cynncler whicli projects the surface 
on the horizontal plane. But the pkne which is tangent to the 
surface is also tangent to the cySiniler: henee, its horizontal 
trace is tangent to the base of the cylinder. But the horizontal 
trace of the tangent plane is the horizontal projection of the 
element through which the plane is drawn: hence, (/ie hmi- 
zontal projectioH of every element of the surface is tangent to 
t7te base of the cylinder which projects tlie surface trn the hori- 
zontal plane ; iliat is, tangent to (Ae curve which represents the 
projection of the surface. By similar reasoning it may be 
shown, that ihe vertical projection of eveiy element of the sur- 
face is tangent to the curve which represents the vertical pro- 
jection of the surface. Therefore, if the projections of any 
number of elements be determined, and two curves be drawn 
respectively tangent to aU ihe elements in each projection, these 
curves will represent the two projections of the surface. We 
will now show the easiest method of finding the projections of 
the elements. 

§ 339. Pi. 6. Let (AB, A'B") and (CD, C'DO be the direct- 
]'ices of a hyperbolic paraboloid, and (FH, EG) the plane- 
directer. This plane cuts the directrix (AB, A'B") in the point 
(1,1), and the directrix (CD, CD") in the point (1,1) ; therefore, 
the line joining 1 and 1 in the horizontal plane is the horizonlal 
projection of an element of the surface, and the line joining I 
and 1 in the vertical plane is the vertical projection of the same 
element. Let now a plane be drawn parallel to the plane- 
directcr, and at any distance from it : LN and L'N' are the 
traces of such a plane ; it cuts the directrix (AB, A'B} at the 
point (3,2), and the directrix (CD, CD') in the point (2,2). If 
through these points a line be drawn, it will be an element of 
the surface ; both its projections are made in the figure. If, now, 
a system of planes be drawn parallel to the plane (LN.L'N"), 
and at the same distance frctm each other as this plane is from 
the plane-directer ; first, this system of planes being parallel 
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to the plane-directer, each plane v/l\\ rot the directrices in two 
points, and the line joining them will be an clement of the sur- 
lace ; secondly, since the planes are equidistant, the parts of 
the same directrix intercepted betwetn any two of them which 
are adjacent will be equal, and the projections of these equal 
parts arc also equal. 'If, therefore, on AB, the horizontal pro- 
jection of one directrix, the parts from 3 to 3, from 3 to 4, from 
4 to 5, &c, be each made equal to the part from 1 to 2 ; and 
on CD, tJie horizontal projection of the other directrix, the parts 
from 2 to 3, from 3 to 4, fnim 4 to 5, &c. be each made equal 
lo the part between 1 and 3 ; the lines drawn through the cor- 
responding points are the horizontal projections of elements of 
the surface. The vertical projections of the elements are deter- 
mined either by finding the vertical projections of the points 1, 
3, 3, 4, &c, ia their corresponding directrices, and joining them ; 
or by laying off on A'B' the parts from 2 to 3, from 3 to 4, 
fl-ota 4 to 5, &c, each equal to the part from 1 to 2 ; and on 
CD' the pans from 3 to 3, from 3 to 4, from 4 to 5, &lc. each 
equal to the part from 1 to 2: the lines joining corresponding 
points are the vertical projections of elements of the snrface. 
The canefdcba, drawn tangent to the horizontal projections 
of the elements, is the horizontal projection of the snrface ; 
and the curse g'b'c'd'f, drawn tangent to the vertical pro- 
jections of the elements, is the vertical projection of the 
Buriace. 

In making the projections of the elements on either plane, 
the parts which are seen are made lijil, and the concealed parts 
dotted. With respect to the horizontal projeetion, it is evident 
that the part of each element which lies below the point at 
which the element touches the projecting cylinder, or at which 
the pi-ojecting plane of the element is tangent to the snrface, is 
concealed, and the part which lies above this point is seen. 
Therefore, the horizontal projection of the element passing 
through 3 and 3 is made full from a, the element through 4 and 
4 from the point at which it touches the curve, the element 7 
and 7 from c. tfec. With respect to the vei-tica! projection, the 
part of each element which is in front of the point at which it 
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touches the cylinder that projects the surface on the vertical 
plane is m-dde full, and the part which is behind this point is 
dotted. Thus, the element pabsing thraiigh 2 and 2 is dotted to 
^, the element passing through 4 and 4 ia dotted to b', &c. 
The directrices in e it lier projection are seen when the elements 
which touch them ore seen ; but as they are important lines in 
the construction, they have been made full. The horizontal 
trace of the plane-directer, excepting the part Fi, is concealed 
by the surface, and is therefore made broken ; the vertical 
tiace is also concealed by the surface, excepting the part 5G. 
It is easy to find the intersection of tliis surface with a given 
plane, since the points in which the elements pierce the plane 
are points of the curve. The horizontal plane of projection 
intersects the surface in the curve ponml : the element passing 
through the points (5,5) and (5,5) pierces it at I, the clement 
through (6,6) and (6,6) at m, and similarly for the other 
points. 



To drum aplane tangent to a hyperbolic pariAoloid at a given 
pointofthe surface, 

§ 340. PI. 7. I.et (GH, G'll') be the plane-directer, (AB,A'B') 
and (CD, CT)') the directrices, and a the horizontal projection 
of the point at which the tangent plane is to be drawn. 

The vertical projection of the point cannot be taken at plea- 
sure, but must be found by construction (93).' The plane- 
directer cuts the directrix (AB, A'B") in the point (1,1), and the 
directrix (CD, CD") in the point (1,1). Let any plane, as 
(EF, E'F'), be drawn parallel to the ptiine-slirecter ; it cuts the 
directrix (AB, A'B') in the point (3,2), and the directrix 
(CD, CD') in the point (2,2). By laying off the projections of 
the parts of the directrices nitercepted between these two 
planes, and drawing lines through the corresponding points, 
we determine the projections of any number of elements. 

At the point a conceive a line to be drawn perpendicular to 
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the horiiiohtal plane ; the point in which this perpemiicular 
pierces the surface is the only point of the surface which is 
horizontally projected at a. Draw through this perpendicular 
the vertical plane (cab, W) ; this plane intersects the surface in 
a curve ; the point in which the perpendicular meets this curve 
is t!ie point in which it pierces the surface. This plane cuts 
the element drawn thi-ough (3,2) and (2,2) at the point {d^'), 
it cuts the element drawn through (3,3) and (3,3) at the point 
if',f"), the element drawn through (7,7) and {7,7} at the point 
(e,e'), and the element drawn through (9,9) and (9,9) at the 
point (c,c') ; thus d'f'e'a'c' is the vertical projection of the 
curve in which the vertical plane (cah, hV) intersects the sur- 
face, and the point a', in which tliis curve intersects tiie per- 
pendicular to the ground line through a, is the vertical projec- 
tion of that point of the surface which is horizontally projected 
at a. Having found the point («,«'), if we draw^ through it an 
element of the first generation, it will ue a line of tiie tangent 
plane (89) ; and if we draw through the point («,«') an element 
of the second generation, it will also he a line of tJio tangent 
plane (89) : hence, the plane of these elements is the tangent, 
plane required. To find the element of the first generation 
passing through the point (a/^). Let a plane be drawn through 
this point parallel to the plane-directei', the point in which it cuts 
either of the diieetrices being joined with the point («,«') deter- 
mines the element sought. Draw in the plane -director, and 
through the same point, any two tines, as (fg,fg') and (f,h,fh'), 
and as two lines determine a plane, a plane drawn through 
(a#') parallel to (fg.fg') and (fh,fU) will be parallel to the 
plane-directer. Drawing (at, a'i') parallel to (fg;fg'), its pro- 
jections are parallel, and it pierces the plane which projects the 
directrix (CD, CD') on (he horizontal plane in the point (i,i'). 
Drawing {at, aft ) paraile! to (/A,/ ?i'), this parallel pierces the 
plane which projects the directrix (CD, CD ) on the horizontal 
plane at the point (W). But the lin^^s (ai, a'i') and (at, a't') 
determine a plane passing through (a,a') parallel to the plane- 
directer, and i'i' is the vertical projection of its intersection wilh 
the plane which projects (CD, CD') on the horizontal plane ; 
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i)ence, n' is the vertical projection of the point in which it cuts 
iiie directrix {CD, CD"), and % is the horizontal projection of 
the same point, Thereibre, (an, a'n') is the element of the first 
generation passing tlirough the point (afi'), and the point L, in 
wliich it pierces the vertical plane, is one point of the vertical 
trace of the required tangent plane. 

To find the element of the second generation passing tlirough 
(«,«'), Tiie plaiic-dirccter of the second generation is parallel 
lo the directrices oi' the first generation (223). Therefore, if 
we draw through («,«') a plaue parallel to the directrices (AB 
A'B') and (CD, C'D'), and determine the point in which it cuts 
any element of tlie first ganeration, regarded as a directrix of 
the second generation, tliis point being joined with {a,a') deter 
mines the required element of the second generation. Take 
llie element passing through (8,8) and (8,8) for one of the di- 
rectrices of the second generation, and draw through (a,a') the 
lines (aq, a'q') and (ap, a'p") respectively parallel to the direc 
trices of the first generation ; they determine a plane parallel 
to the plane-direcler of the second generation (223). This plane 
intersects the plane which projects the directrix (88, 88) on the 
horizontal plane in a line of which p'q' is the vertical projection ; 
the point s', in which p'q' intersects 88, is the vertical projection, 
and s is the horizontal projection of the point in which the plane 
passed through (a,a'), parallel to the plane-directer of the second 
generation, cuts the directrix (88, 88) of the second generation : 
lience, {as, a's') is the element of the second generation passing 
through the point («,«'). Having thus determined a second line 
of the tangent plane, a second point of its vertical trace is easily 
found, and the vertical trace LN can be drawn. The horizontal 
trace does not fall on the paper, but may be considered as found, 
since two lines of the plane are known. 
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If two warped sur/accs,M and N, Auue the same plane-directer, 
an element E common, and two tangent planes also common, 
their points of contact m and m' being on t/ie element E, t/te 
surfaces will be tangent to each other throughout this element. 

§ 241. For, conceive any two secant planes P and Pto be 
drawn tlirough the points of contact m and m'. These planes 
intersect the surface M in the curves t? and d', and the surface N in 
the curves/ andy. Since the surfaces are tangent to each other 
at the point m (85), the plane P intersects the tangent plane at 
this point in a line tangent to the curves d and/; consequently, 
these curves ore tangent to each other at the point tn. For 
similar reasons the curves d and/' are tangent to each other 
at the point m'. If, now, we take the two curves d and d' for 
directrices, and the common plane-directer for a plane-directer, 
the elements of the surface M which pass through Ihe conse- 
cutive points of tangency of the curves d and/ and d' and/ are 
consecutive and belong also to the surface N. If any secant 
plane be drawn through a point of the element E, it will inter- 
sect the consecutive elements in consecutive points, and the 
curve of the surface M and the curve of the surface N will be 
tangent lo each other, since they have two consecutive points 
common. Hence the surfaces themselves are tangent through- 
out the element E, 



Any two imrped surfaces M and N Imving an element E com- 
man and three common tangent planes, their paints of contact 
m, m', m", being on tfic element E, are tangent to each ollwr 
throughout this element. 

§ 94'2. The demonsttation of this theorem is very analogous 
to the preceding. Through Jjie three points of contact m, m\ 
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and m" conceive three secant planes to be pat/,i- iet d,d', 
and d" be the curves in wliich they intersect the surface M, 
and /, /', and /" the curves in which they intersect fhe sur- 
face N. 

Since the surfaces arc tangent to each other at the fhreo 
points m, m', and m", it is evident that the curves d and/", tiand 
f, and d" and /" are tangent to each other at the same points. 
Let the generatrix of the surface M move on the three curves 
d, d', and d" as directrices ; when indefinitely near the element 
E, it will pass through the consecutive points of tangcncy of the 
cnrves d and/, d' and/', and rf" and/", and in this position it 
is consecutive with the element E : hence, the two surfaces 
have two consecutive elements common about tl e eJen ent E 
therefore, the suifaces are tangent to each othe al n^ tl ele 
ment : for, if the surfaces be intersected by a pla e tl ougl 
any point of the element E, the sections made m tl e u f eg 
will be tangent to each other. 



A ivarped surface whose generati-ir is parallel lo a plane-^irectcr 
being, given, it is required to draw a tavgent plane at a given 
point of this surface, 

5 343. PI. 8, Take the vertical plane of projection for the 
plane-directer ; let the curves (abcf, a'b'c'f) and (ghjm,g'k'm'j') 
be the directrices, and M the horizontal projection of the point 
at which the plane is to be tarigent. The vertical projection 
of this point must be determined by construction. Draw a 
scries of planes ag, bit, cj, &c, parallel to the vertical plane of 
projection ; they cut the directrices in the points (a,a ), {b,h'), 
(c,c'), &c., and (g^, (fi,h'), (J,j'), &c. ; the right lines joining 
these points are elements of the surface. Having thus deter- 
mined as many elements as are necessary, draw through the 
point M the vertical plane wMS : this plane cuts the elements 
iiefore found in the points («,«'), {0,0'), {'iq'), {i,i'), (s,s'), and the 
■;urvo drawn through these poinls is the curve in which the 
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plane intersects the surf;ice. The point of which M is the 
horizontal projection being a point of the surface and of the 
secant plane nMS, is a point of the curve of intersection : hence, 
it is vertically projected in the curve S't'q'o'n' ; it is also verti- 
cally projected in a perpendicular to the ground line through 
M ; therefore, M' is the venical projection of the point. 
Knowing the point of contact (MM"), let a plane be drawn 
through it parallel to the vertical plane of projection ; this plane 
cuts the directrices in the points (A^') and (E.BOi 'i"'^ 'he line 
(AB, A'B'), drawn through these points, is an element of the 
surface, and consequently a line of the required tangent plane. 
Now, of all the planes wliicti can be drawn through (AB, A'B'), 
it is required to find the one which shall be tangent to the sur- 
face at the point M. To do this, let us use an auxiliary sur- 
face, the hyperbolic paraboloid. Through tlie points (A,A') 
and (B,B'} draw the right lines (AC, A'C) and (ED, E'D } 
respectively tangent to the directrices (abf, a'b'f) and 
(^hm, g'h'm'), and let us suppose a rigiit line to move upon tliesc 
tangents, continuing parallel to the vertical plane of projection ; 
it is evident thai it will generate the sujface of a hyperbolic 
paraboloid containing the element {AB, A'B') ; the hyperbolif 
paraboloid is tangent to the warped surface along the eleinent 
(AB, A'B'). For, if through the tangent (AC, A'C) and the 
element (AB, A'B') a plane be drawn, it will be tangent to both 
surfaces at the point (A, A') ; and if through the tangent 
(BD, B'D') and the element (AB, A'B') a plane be drawn, this 
plane will also be tangent to both surfaces at the point (B,B'), 
Hence, the surfaces are tangent to each other along the element 
(AB, A'B') (241). If, now, a plane be drawn tangent to the 
hyperbolic paraboloid at the point (M,W), this plane will also 
be tangent to the given surface, and consequently be the plane 
required. 

§ 244. The vertical plane having been taken for tlic plane- 
dirccter, it was not necessary to construct the curve (noS, n'o'S') 
in order to find the vertical projection of the point (M,M') ; 
for, the point M being given, the plane AB, which contains the 
element of the surface in which the point (M,M') is found, ia 
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determined, and projecting tlie points A and B into the verti- 
cal projections of tlie directrices determines A'B', tlie vertical 
projection of tho clement; tlie point M' is therefore known. 
It would not bo thus if the plane-directer were not parallel to 
the vertical plane of projection ; we should then have to use 
the first method to determine the vertical projection of the 
element. 
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